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What is Automatic Differentiation?
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What is Automatic Differentiation?

Algorithmic, or automatic differentiation (AD) is
concerned with the accurate and ef�cient evaluation of
derivatives for functions de�ned by computer programs.

and

..., AD operates by systematic application of the chain
rule, .... applied not to symbolic expressions but to
actual numerical (�oating point) values.

Andreas Griewank [Gri00].
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Why Do We Need Derivatives?
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Some Examples
Solution of Nonlinear Equations f (x) = 0 by Newton methods

xn+1 = xn �
�

@f (xn )
@x

� � 1

f (xn );

requires Jacobian Jf = [ @f =@x] or Jacobian-vector products
J � d for GMRES solve. e.g., DAEs and stiff ODEs via BDF
methods, CFD Newton solvers [HM01].

Optimisation via gradient methods [NW99].
Unconstrained Optimisation minimise y = f (x) requires
gradient, r f = @f=@x = [ @f=@xi ].
Constrained Optimisation minimise y = f (x) such that
c(x) = 0 also requires Jacobian Jc(x) = [ @cj =@xi ].
PDE Constrained Optimisation minimise y = f (u; x) such
that c(x) = 0 and PDE(u; x) also requires @u=@x . e.g.,
design optimisation [MP01].
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Some Examples (ctd)
Parameter Estimation e.g., �nd x to best �t solution of
parameter dependent ODE dy=dt = f (t; y ; x) to data set
(t i ; Y i ) requires Jacobian w.r.t. x of residual r = [ Y i � y (t i )].

Data Assimilation: ODE/PDE model with incomplete initial
conditions but additional data arriving throughout the
calculation to enable solution corrections e.g., weather
forecasting.

: : :
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Example - Interval Arithmetic [HJE01]
Variables have upper and lower bounds x = [ x l ; xu ]

Propagate bounds through a computer code,

z = x + y =) [zl ; zu ] = [ x l + yl ; xu + yu ];
z = x � y =) [zl ; zu ] = [min( x l � yl ; x l � yu ; xu � yl ; xu � yu);

max(x l � yl ; x l � yu ; xu � yl ; xu � yu)]:

Requirements for AD
Global optimisation: minimise y = f (x). Evaluate interval
derivative [f l ; f u ] = f 0([x l ; xu ]). Reject interval if 0 62[f l ; f u ].
Modern methods sophisticated [SZW03].
Validated ODE Solution: for ODE dy=dt = f (t; y; x ),
y(t = 0) = y0, calculate error bounds (intervals) on the
solution y(t) given error bounds (intervals) for y0 and/or
parameters x . Typically use Taylor series solution (high
order derivatives) with intervals [MB01, MB04].
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AD Now Embedded in Other Software

PETSc Portable, Extensible Toolkit for Scienti�c Computation
http://www.mcs.anl.gov/petsc
parallel solution of scienti�c applications modelled by pa rtial
differential equations - uses ADIFOR[BCKM96] and ADIC
[BRM97] for sparse Jacobian calculation.

NEOS Online Optimization Server
http://www-neos.mcs.anl.gov/neos/
Derivatives and sparsity patterns computed automatically
with ADIFOR, ADIC ADOL-C [GJM+ 99].

TOMLAB Matlab optimisation package
http://www.tomlab.biz/
uses MAD [For04, FE04] for objective/constraint gradients or
Hessians (if user supplies gradient code).
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Terminology and Notation
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Terminology

For a function
y = F(x) : x 2 IR n ; y 2 IR m

de�ned by computer code we de�ne three (sub)groups of the
code's variables:

independent variables: x = ( x i ; i = 1 ; : : : ; n) whose values
must be supplied and with respect to which the derivatives
@y=@x are required,

dependent variables: y = ( yi ; i = 1 ; : : : ; m) which must be
calculated and whose derivatives are required,

intermediate variables: w = ( wi ; i = 1 ; : : : ; p) whose values
are calculated (perhaps indirectly) from the x and which are
needed to calculate (perhaps indirectly) the y .

Collectively, these variables are termed active variables.

We de�ne inactive variables as those which are not active.
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A Simple Example
function [y1; y2] = f (x1; x2; x3; a; b)
w1 = log( x1 � x2)
w2 = x2 � x2

3 � a
w3 = b� w1 + x2=x3

y1 = w2
1 + w2 � x2

y2 =
p

w3 � w2

We want to calculate the Ja-
cobian Jf ,

Jf =

"
r y1

r y2

#

=

2

6
4

@y1
@x1

@y1
@x2

@y1
@x2

@y2
@x1

@y2
@x2

@y2
@x2

3

7
5 :

Therefore we have

independent variables: x = ( x1; x2; x3)

dependent variables: y = ( y1; y2)

intermediate variables: w = ( w1; w2; w3)

active variables x; y ; w

inactive variables a; b
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For the Purposes of Analysis

Executing the function code de�nes N = n + p + m internal
variables ui ; i = 1 ; : : : ; N by

n copies of the independents ui = x i ; i = 1 ; : : : n;
p + m statements ui = � i (f uj gj � i ); i = n + 1 : : : ; N;

Precedence relation j � i means that the variable uj is
involved in the expression � i .

Each � i represents a composition of one or more
elemental/intrinsic functions or elemental/intrinsic operators.

Assume that no expression for a dependent variable involves
another dependent variable, i.e., i > n + p and j � i , then
j � n + p.
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For Our Example

u1 = x1

u2 = x2

u3 = x3

u4 = � 4(u1; u2) = log( u1 � u2)
u5 = � 5(u2; u3) = u2 � u2

3 � a
u6 = � 6(u2; u3; u4) = b� u4 + u2=u3

u7 = � 7(u2; u4; u5) = u2
4 + u5 � u2

u8 = � 8(u5; u6) =
p

u6 � u5

9
>>>>>>>>>>>>>=

>>>>>>>>>>>>>;

:
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Forward Mode AD
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Differentiate the Code

Assume the � i have continuous �rst derivatives

De�ne gradient operator r = ( @=@x1; : : : ; @=@xn );

Take the code

ui = x i ; i = 1 ; : : : n;
ui = � i (f uj gj � i ); i = n + 1 : : : ; N;

)

and differentiate

r ui = ei ; i = 1 ; : : : ; n

r ui =
X

j � i

ci;j � r uj ; i = n + 1 ; : : : ; N

9
=

;

ei = (
1
0;

2
0; : : : ;

i
1; : : : ;

n
0): n-vector with unit entry in position i

ci;j are the local derivatives ci;j = @� i =@uj .
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Example (ctd)

r u1 = (1 ; 0; 0)
r u2 = (0 ; 1; 0)
r u3 = (0 ; 0; 1)

9
>=

>;
Seeding

c4;1 = u2=(u1u2); c4;2 = u1=(u1u2)
r u4 = c4;1 � r u1 + c4;2 � r u2

c5;2 = u2
3; c5;3 = 2u2u3

r u5 = c5;2 � r u2 + c5;3 � r u3

c6;2 = 1=u3; c6;3 = � u2=u2
3; c6;4 = b

r u6 = c6;2 � r u2 + c6;3 � r u3 + c6;4 � r u4

c7;2 = � 1; c7;4 = 2u4; c7;5 = 1
r u7 = c7;2 � r u2 + c7;4 � r u4 + c7;5 � r u5

c8;5 = � 1; c8;6 = 1=(2
p

u6)
r u8 = c8;5 � r u5 + c8;6 � r u6

9
>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>;

local derivatives
and

derivative
propagation
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(Edited) TAF Generated Forward Mode Code

subroutine g_f( x, g_x, a, b, y, g_y )
C** This routine was generated by Automatic differentiation.
C** FastOpt: Transformation of Algorithm in Fortran, TAF 1.6.2 3

integer g_pmax
parameter ( g_pmax = 3 )
real a,b,x(3),y(2)
real g_x(g_pmax,3),g_y(g_pmax,2)
integer g_i_
real g_w(g_pmax,3)
real w(3)
do g_i_ = 1, g_pmax

g_w(g_i_,1) = g_x(g_i_,2) * 1./(x(1) * x(2)) * x(1)
$+g_x(g_i_,1) * 1./(x(1) * x(2)) * x(2)

end do
w(1) = log(x(1) * x(2))
do g_i_ = 1, g_pmax

g_w(g_i_,2) = 2 * g_x(g_i_,3) * x(2) * x(3)
$+g_x(g_i_,2) * x(3) ** 2

end do
w(2) = x(2) * x(3) ** 2-a
do g_i_ = 1, g_pmax

g_w(g_i_,3) = g_w(g_i_,1) * b
$-g_x(g_i_,3) * (x(2)/(x(3) * x(3)))+g_x(g_i_,2)/x(3)

end do
w(3) = b * w(1)+x(2)/x(3)
do g_i_ = 1, g_pmax

g_y(g_i_,1) = g_w(g_i_,2)+2 * g_w(g_i_,1) * w(1)
$-g_x(g_i_,2)

end do
y(1) = w(1) ** 2+w(2)-x(2)
do g_i_ = 1, g_pmax

g_y(g_i_,2) = g_w(g_i_,3) * (1./(2. * sqrt(w(3))))
$-g_w(g_i_,2)

end do
y(2) = sqrt(w(3))-w(2)
end
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Cost of Forward Propagation of Derivs.
De�ne

(
N jcj=1 :No. of unit local derivatives ci;j = � 1
N jcj6=1 :No. of non-unit local derivatives ci;j 6= 0 ; � 1

Solve for derivatives in forward order r un+1 ,r un+2 ,...,r uN

r ui =
X

j � i

ci;j � r uj ; i = n + 1 ; : : : ; N;

with each r ui = ( @ui =@x1; : : : ; @ui =@xn ); a length n vector.

Flop count �ops (fwd. propagation) given by,

�ops (fwd. propagation)
= nN jcj6=1 (mults. ci;j � r uj ; ci;j 6= � 1; 0)

+ n(N jcj6=1 + N jcj=1 ) (adds./subs. + ( ci;j r uj ))
� n(p + m) ( �rst n adds./subs. for each statement)

�ops(fwd. propagation) = n(2 N jcj6=1 +N jcj=1 -p-m).

Cost increases linearly with n - the number of independents

Our example �ops(linear solve (forward mode) ) = 48
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Linearised Computational Graphs
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Linearised Computational Graphs

Independents
v u1 v u2 v u3

Dependents
v u7 v u8
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@

@@I c8;6
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c7;5

�
�
�
�
�
�
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c8;5

Widely used paradigm for
expressing derivative
relationships between
variables.

Each vertex corresponds to
an active variable.

Directed edges from a vertex
to its successors labelled
with the associated local
derivative - hence linearised.

Abbreviated to C-Graph.

Other paradigms: extended
Jacobian [Gri00, FTPR04],
dual C-Graph [Nau04],
matrix-chaining [GN03],
matrix-products [Gri00].
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Forward Mode in the C-Graph

Independents
v r u1 v r u2 v r u3

Dependents
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Each vertex's derivative
is the edge-weighted sum
of its predecessors.

r u4 = c4;1 � r u1

+ c4;2 � r u2

r u5 = c5;2 � r u2

+ c5;3 � r u3

r u6 = c6;2 � r u2

+ c6;3 � r u3

+ c6;4 � r u4

r u7 = c7;2r u2

+ c7;4 � r u4

+ c7;5 � r u5

r u8 = c8;5 � r u5

+ c8;6 � r u6
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Adjoint or Reverse Mode AD
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So What Are Adjoints?
For the purposes of calculating the Jacobian:

De�ne adjoint operator acting on variable uj as �uj by,

�uj =
@y
@uj

=
@

@uj
(y1; y2; : : : ; ym )

i.e. sensitivity of dependents y with respect to variable uj .

For the dependent variables un+ p+ j = yj ; j = 1 ; : : : ; m,

�un+ p+ j =
@

@yj
(y1; y2; : : : ; ym ) = ej ;

For the intermediates and independents uj ; j = n + p; : : : ;1

�uj =
@y
@uj

=
X

i � j

@y
@ui

@ui
@uj

=
X

i � j

�ui ci;j :

Our example makes this easier to understand!
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For our Example

For dependents �u7;8

�u8 = �y2 =
@

@y2
(y1; y2) = (0 ; 1)

�u7 = �y1 =
@

@y1
(y1; y2) = (1 ; 0)

the adjoint seeding.

For the others

�u6=
@y
@u6

=
@y
@u8

@u8
@u6

= �u8 � c8;6

�u5=
@y
@u5

=
@y
@u7

@u7
@u5

+
@y
@u8

@u8
@u5

= �u7 � c7;5 + �u8 � c8;5

...
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Reverse Mode in the C-Graph

Independents
v �u1 v �u2 v �u3
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Each vertex's adjoint is
the edge-weighted sum
of its successors.

�u6 = �u8 � c8;6

�u5 = �u7 � c7;5 + �u8 � c8;5

�u4 = �u6 � c6;4 + �u7 � c7;4

�u3 = �u5 � c5;3 + �u6 � c6;3

�u2 = �u4 � c4;2 + �u5 � c5;2

+ �u6 � c6;2 + �u7 � c7;2

�u1 = �u4 � c4;1
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Cost of Reverse Propagation of Adjoints
Solve for adjoints in reverse order �un+ p,�un+ p� 1,...,�u1

�uj =
X

i � j

�ui ci;j :

Each �uj =
@

@uj
(y1; y2; : : : ; ym ) is a length m vector.

Dif�culty:
For adjoint �uj of variable created by statement j the local
derivatives ci;j is associated with later statement i

Hard to ascertain when 1st values assigned to an adjoint.
Easiest solution - initialize adjoints to zero and always
increment them.

We need
m multiplications for each ci;j 6= 0 ; � 1

For each �uj - add each �ui ci;j incurring m
additions/subtractions.
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Cost of Reverse Propagation (ctd)
e.g., for �u2 = �u4 � c4;2 + �u5 � c5;2 + �u6 � c6;2 + �u7 � c7;2; we incur

3m multiplications since c7;2 = � 1 but all others are 6= � 1

4m additions to accumulate contributions from 4 adjoints

Flop count �ops (fwd. propagation) given by,

�ops (rev. propagation)
= mN jcj6=1 (mults. �ui � ci;j ; ci;j 6= � 1; 0)

+ m(N jcj6=1 + N jcj=1 ) (adds./subs. + (�ui � ci;j ))

�ops(rev. propagation) = m(2 N jcj6=1 +N jcj=1 ).

Cost increases linearly with m - the number of independents

For our example
�ops(rev. propagation) ) = 2 � (2� 9 + 3) = 42 �ops
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(Edited) TAF Generated Adjoint Code
subroutine adf( x, adx, a, b, y, ady )

C** This routine was generated by Automatic differentiation. **
C** FastOpt: Transformation of Algorithm in Fortran, TAF 1.6.2 3 **

integer adpmax
parameter ( adpmax = 2 )
real a,adx(adpmax,3),ady(adpmax,2),b,x(3),y(2)
integer adi_
real adw(adpmax,3)
integer ip1,ip2
real w(3)
do ip2 = 1, 3

do ip1 = 1, adpmax
adw(ip1,ip2) = 0.

end do
end do
w(1) = log(x(1) * x(2))
w(2) = x(2) * x(3) ** 2-a
w(3) = b * w(1)+x(2)/x(3)
y(1) = w(1) ** 2+w(2)-x(2)
y(2) = sqrt(w(3))-w(2)
do adi_ = 1, adpmax

adw(adi_,3) = adw(adi_,3)+ady(adi_,2) * (1./(2. * sqrt(w(3))))
adw(adi_,2) = adw(adi_,2)-ady(adi_,2)
ady(adi_,2) = 0.

end do
do adi_ = 1, adpmax

adw(adi_,2) = adw(adi_,2)+ady(adi_,1)
adw(adi_,1) = adw(adi_,1)+2 * ady(adi_,1) * w(1)
adx(adi_,2) = adx(adi_,2)-ady(adi_,1)
ady(adi_,1) = 0.

end do
do adi_ = 1, adpmax

adw(adi_,1) = adw(adi_,1)+adw(adi_,3) * b
adx(adi_,3) = adx(adi_,3)-adw(adi_,3) * (x(2)/(x(3) * x(3)))
adx(adi_,2) = adx(adi_,2)+adw(adi_,3)/x(3)
adw(adi_,3) = 0.

end do
do adi_ = 1, adpmax

adx(adi_,3) = adx(adi_,3)+2 * adw(adi_,2) * x(2) * x(3)
adx(adi_,2) = adx(adi_,2)+adw(adi_,2) * x(3) ** 2
adw(adi_,2) = 0.

end do
do adi_ = 1, adpmax

adx(adi_,2) = adx(adi_,2)+adw(adi_,1) * 1./(x(1) * x(2)) * x(1)
adx(adi_,1) = adx(adi_,1)+adw(adi_,1) * 1./(x(1) * x(2)) * x(2)
adw(adi_,1) = 0.

end do
end

27-1



Computational Complexity of
Forward and Reverse
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Computational Complexity
So far considered cost of forward propagation of derivatives,

�ops(fwd. propagation)) = n(2 N jcj6=1 +N jcj=1 -p-m).

or reverse propagation of adjoints,

�ops(rev. propagation)) = m(2 N jcj6=1 +N jcj=1 ).

Both require
N jcj=1 Number of unit local derivatives ci;j = � 1 in the
C-Graph
N jcj6=1 Number of non-unit local derivatives ci;j 6= 0 ; � 1 in
the C-Graph

For arbitrary code how do we obtain N jcj=1 , N jcj6=1 and what
is the cost of evaluating the ci;j themselves?

For bounds on these values we look to the code-list or
evaluation trace.
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The Code-List
Code-List given by re-writing the code into elemental binary
and unary operations/functions.

e.g. For our example

v1 � x1

v2 � x2

v3 � x3

v4 = v1 � v2

v5 = log( v4)
v6 = v2

3

v7 = v6 � v2

v8 = v7 � a

v9 = 1=v3

v10 = v2 � v9

v11 = b� v5

v12 = v11 + v10

v13 = v8 � v2

v14 = v2
5

v15 =
p

v12

v16 = v14 + v13

v17 = v15 � v8

If the code contains branching, loops, multiple sub-function
calls etc. then consider Evaluation Trace of all elemental
operations in one evaluation [Gri00].
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C-Graph of the Code-List
Assume code-list contains

only active variables
N � addition/subtractions e.g. v14 + v13

N � multiplications e.g. v1 � v2

N f nonlinear functions/operations e.g. log(v4), 1=v3

Total of p + m = N � + N � + N f statements

Then
Each addition/subtraction generates two ci;j = � 1

Each multiplication generates two ci;j 6= � 1; 0

Each nonlinear function generates one ci;j 6= � 1; 0
requiring one nonlinear function evaluation e.g.
v5 = log( v4) gives c5;4 = 1=v4.

So in the C-Graph of the code-list we have,
N jcj=1 = 2N �

N jcj6=1 = 2N � + N f
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Complexity of Forward Mode

Assume �ops (nonlinear function) = ! , ! > 1.

Cost of evaluation function is,

�ops (f ) = ( N � + N � + !N f ):

Cost of evaluation local derivatives ci;j is,

�ops (ci;j ) = !N f :

Cost of forward propagation of derivatives is

�ops (fwd. propagation) =

= n
�
2N jcj6=1 + N jcj=1 � p � m

�
)

= n (2(2N � + N f ) + 2 N � � (N � + N � + N f ))

= n (3N � + N � + N f )
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Complexity of Forward Mode (ctd)
Now

�ops (Jf ) = �ops (f ) + �ops (ci;j ) + �ops (fwd. propagation)

then for forward mode

�ops (Jf )
�ops (f )

= 1 +
!N f + n(3N � + N � + N f )

N � + N � + !N f

= 1 + 3 n cN � + ndN � + n
�

1
!

+
1
n

�
d!N f

where,
( cN � ; dN � ; d!N f ) =

(N � ; N � ; !N f )
N � + N � + !N f

:

Since cN � + dN � + d!N f = 1 and all coef�cients positive,

�ops (Jf )
�ops (f ) � 1 + n max

�
3; 1;

� 1
! + 1

n

��
= 1 + 3 n:

Worse case: code with far more mults. than other ops.
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Complexity of Reverse Mode
�ops (rev. propagation) = m(4N � + 2N � + 2N f );

giving,

�ops (Jf )
�ops (f )

= 1 + 4 m cN � + 2mdN � + m
�

2
!

+
1
m

�
d!N f

and
�ops (Jf )
�ops (f ) � 1 + m max

�
4; 2;

� 2
! + 1

m

��
= 1 + 4 m

For m = 1 �ops (r f ) � 5 �ops (f ) cheap gradient result

Note for our forward and reverse bounds we:

ignore time for data movement - reading variables from
memory to registers

assume operations performed sequentially (untrue for
modern processors)

More involved analysis in [Gri00].
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Directional Derivatives/Adjoints
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Directional Derivatives/Adjoints
Derivative in direction d = ( d1; d2; : : : ; dn )T ; given by

df (x + dt)
dt

=
�

@f
@x

�
�

d(x + dt)
dt

= Jf (x) � d;

the Jacobian-vector product.

Re-de�ne r � d
dt and seed independents r x i = di then

forward mode AD propagates directional derivatives and
calculates Jacobian-vector products

For arbitrary (�xed) row vector v = ( v1; v2; : : : ; vm ) gradient,
�

@
@x1

; : : :
@

@xn

�
(v1y1 + : : : + vm ym ) =

@v � y
@x

= v �
�

@y
@x

�
= v � Jf ;

the vector-Jacobian product v � Jf .

Re-de�ne adjoint operator �u to give scalar �u = d(v � y )=du
and seed adjoints of dependents �yj = vj then reverse mode
AD propagates directional adjoints and calculates
vector-Jacobian products
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Jacobian Products

Forward Mode
r u seed seeding calculates
scalars d = ( d1; : : : ; dn )T r x i = di Jf � d
q-vectors D = [ di;j ]i =1 ;n;j =1 ;q r x i;j = di;j Jf � D
n-vectors I n r x i = ei Jf � I n = Jf

Reverse or Adjoint Mode
�u seed seeding calculates
scalars v = ( v1; : : : ; vm ) �yj = vj v � Jf
q-vectors V = [ vi;j ]i =1 ;q;j =1 ;m �yi;j = vi;j V � Jf
m-vectors I m �yj = eT

j I m � Jf = Jf
N.B. AD-tool indexing conventions.

e.g. ADIFOR: g_u(j,i) is j th directional derivative of u(i) .
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Second-Order Derivatives &
Hessians
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Second-Order Derivatives & Hessians
Requirements:

Optimisation - Hessians r 2f (x) or Hessian-vector
products r 2f (x) � d for Newton Methods[NW99].
Statistical Response Surface Fitting covariance given by
[r 2f (x)]� 1 [RF04] (f (x) is log-likelihood).
Data Assimilation - Posterior uncertainty estimates use
inverse Hessian [KGS+ 03, BR03]

If adjoint code available then differentiate it with forward
mode giving forward over reverse [Gri00].

adjoint calculates �x = �y � Jf (x)
apply forward mode w.r.t. x r �x = �y � r 2f (x) � r x
set �y = I m ; r x = I n r �x = r 2f (x)

Cost is O(n � m)� cost of f with one reverse pass

Reverse over reverse needs two reverse passes [Gri00].
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Elimination Methods
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Elimination Methods
Can substantially reduce the cost of calculating a Jacobian

There are 3 classes of elimination methods (so far!)
1. Vertex elimination - successively eliminate vertices of

intermediate variables from the C-Graph [GR91, Gri00].
2. Edge elimination - successively eliminate edges from the

C-Graph [Nau99, Gri00].
3. Face elimination - successively eliminate edges from the

dual C-Graph [Nau04].

Edge and vertex elimination can also be interpreted in the
extended Jacobian [Gri00].

Introduction to Automatic Differentiation – p.41/55



Vertex Elimination
Consider equations containing r u4

r u4 = c4;1 � r u1 + c4;2 � r u2

r u6 = c6;2 � r u2 + c6;3 � r u3 + c6;4 � r u4

r u7 = c7;2r u2 + c7;4 � r u4 + c7;5 � r u5

We can eliminate r u4 from the second 2 equations,
r u6 = c6;4 � c4;1 � r u1 + ( c6;4 � c4;2 + c6;2) � r u2 + c6;3 � r u3

r u7 = c7;4 � c4;1 � r u1 + ( c7;4 � c4;2 + c7;2) � r u2 + c7;5 � r u5

This corresponds to a modi�ed C-Graph in which
Vertex u4 and adjacent edges are removed
Edge c6;2 is updated c6;2 ! c6;2 + c6;4 � c4;2

Edge c7;2 is updated c7;2 ! c7;4 � c4;2 + c7;2 = c7;4 � c4;2 � 1

Edge from u1 to u6 is created c6;1 = c6;4 � c4;1

Edge from u1 to u7 is created c7;1 = c7;4 � c4;1

For each predecessor-successor pair, multiply associated
edge values and add to the edge linking the predecessor to
the successor (creating edge if needed).
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Eliminate Intermediate u4
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Eliminate Intermediate u4
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Add new edges

c7;1 = c7;4 � c4;1

c6;1 = c6;4 � c4;1

Update 2 edges

c7;2 = c7;2 + c7;4 � c4;2

= � 1 + c7;4 � c4;2

c6;2 = c6;2 + c6;4 � c4;2

Cost 6 �ops.
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Eliminate Intermediate u4

v u1 v u2 v u3

v u7 v u8

v u6

v u5

C
C
C
C
C
C
C
C
C
C
C
C
C
CO

c7;2

























�

c6;2

6

c6;3

@
@

@@I c8;6

6

c5;2

@
@

@
@

@
@

@I

c5;3

A
A

A
A

A
AAK

c7;5

�
�
�
�
�
�
��

c8;5

�
�
�
�
�
�
�
�
�
�
�
�
�
��

c7;1

�
�

�
�

�
�

�
�

�
�

�
�

�
�>

c6;1

Select adjacent edges
for elimination

Add new edges
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Update 2 edges

c7;2 = c7;2 + c7;4 � c4;2

= � 1 + c7;4 � c4;2

c6;2 = c6;2 + c6;4 � c4;2

Cost 6 �ops.

Remove eliminated ver-
tex and edges.
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Eliminate Intermediate u4
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Cost 6 �ops.

Remove eliminated ver-
tex and edges.
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Eliminate u5
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Eliminate u5
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Eliminate u5
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Eliminate u5
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Eliminate u6
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Eliminate u6
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c8;3 = c8;3 + c8;6 � c6;3

Cost 5 �ops.
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Eliminate u6

v u1 v u2 v u3

v u7 v u8

C
C
C
C
C
C
C
C
C
C
C
C
C
CO

c7;2

�
�

�
�

�
�

�
�

�
�

�
�

�
�7

c8;1

�
�
�
�
�
�
�
�
�
�
�
�
�
��

c7;1

C
C
C
C
C
C
C
C
C
C
C
C
C
CO

S
S

S
S

S
S

S
S

S
S

S
S

S
So

�
�
�
�
�
�
�
�
�
�
�
�
�
��

c8;2

c8;3

c8;3

Select adjacent edges
for elimination
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c8;1 = c8;6 � c6;1

Update 2 edges

c8;2 = c8;2 + c8;6 � c6;2

c8;3 = c8;3 + c8;6 � c6;3

Cost 5 �ops.
Remove eliminated
vertex and edges.
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Eliminate u6
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Update 2 edges

c8;2 = c8;2 + c8;6 � c6;2

c8;3 = c8;3 + c8;6 � c6;3

Cost 5 �ops.
Remove eliminated
vertex and edges.
Graph is now bipartite -
dependents connected
directly to independents
with no intermediates.
Cost of elimination is 12
�ops (fwd./rev. propa-
gation 48=42 �ops)
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ELIAD Generated Jacobian Code (Forward Order-
ing)

subroutine f_xc(x, a, b, y, xc_y_x)
real x(3), a, b, y(2), w(3)
real xc_3_0, xc_3_1, xc_4_1, xc_4_2, xc_5_3
real xc_5_1, xc_5_2, xc_6_3, xc_6_4, xc_6_1
real xc_7_5, xc_7_4, xc_5_0, xc_6_0, xc_6_2
real xc_7_1, xc_7_2, xc_7_0
real xc_y_x(2, 3)

xc_3_0=x(2)/(x(1) * x(2))
xc_3_1=x(1)/(x(1) * x(2))
w(1)=log(x(1) * x(2))
xc_4_1=x(3) ** 2
xc_4_2=(2 * x(3)) * x(2)
w(2)=x(2) * x(3) ** 2-a
xc_5_3=b
xc_5_1=x(3)/(x(3) ** 2)
xc_5_2=(-x(2))/(x(3) ** 2)
w(3)=b * w(1)+x(2)/x(3)
xc_6_3=2 * w(1)
xc_6_4=1.d0
xc_6_1=-1.d0
y(1)=w(1) ** 2+w(2)-x(2)
xc_7_5=1.d0/(2 * sqrt(w(3)))
xc_7_4=-1.d0
y(2)=sqrt(w(3))-w(2)

xc_5_0=xc_5_3 * xc_3_0
xc_5_1=xc_5_1+xc_5_3 * xc_3_1
xc_6_0=xc_6_3 * xc_3_0
xc_6_1=xc_6_1+xc_6_3 * xc_3_1

xc_6_1=xc_6_1+xc_6_4 * xc_4_1
xc_6_2=xc_6_4 * xc_4_2
xc_7_1=xc_7_4 * xc_4_1
xc_7_2=xc_7_4 * xc_4_2

xc_7_1=xc_7_1+xc_7_5 * xc_5_1
xc_7_2=xc_7_2+xc_7_5 * xc_5_2
xc_7_0=xc_7_5 * xc_5_0

xc_y_x(1, 1)=xc_6_0
xc_y_x(2, 1)=xc_7_0
xc_y_x(1, 2)=xc_6_1
xc_y_x(2, 2)=xc_7_1
xc_y_x(1, 3)=xc_6_2
xc_y_x(2, 3)=xc_7_2
end
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Elimination Sequences
In what order do we choose to eliminate intermediates - the
Elimination Sequence

Forward ordering un+1 ; : : : ; un+ p and reverse ordering
un+ p; : : : ; un+1 corresponds to sparsity exploiting variants of
forward and reverse mode respectively - vertex elimination
never uses more �ops than standard algorithms .

Greedy heuristics often successfully used e.g.
Markowitz (Mark) eliminate intermediate with largest

Markowitz cost (product of No. of successors times No.
of predecessors) [GR91].

VLR or Vertex Lowest Relative [Nau99] - eliminate
intermediate with largest VLR cost (present Markowitz
cost minus Markowitz cost if eliminated last).

Dynamic Programming and Simulated Annealing [Nau99]

Greedy heuristics + source-transformation results via ELIAD
are encouraging [FTPR04].
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Roe Flux5 � 10Jacobian [FTPR04]
�ops Ratios of CPU times

Technique ratio ALPHA SGI Ultra10 PIII AMD
TAMC-F 21.18 9.79 13.15 13.11 9.65 9.80
TAMC-R 12.69 7.94 11.16 15.76 11.00 8.40
FD 12.14 11.80 12.14 11.52 11.57 10.91
Vertex Elim.
VE-F 7.85 4.52 5.42 8.24 6.29 5.01
VE-R 6.78 4.19 4.81 7.58 4.55 4.50
VE-Mark 7.35 4.52 5.44 8.57 5.32 4.88
VE-VLR 6.60 3.96 5.27 7.08 4.33 4.38
VE-VLR-DFT 6.60 4.33 5.07 7.68 4.20 4.39

DFT = Depth �rst traversal code re-ordering
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Edge Elimination
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Naumann's "Lion" example
[Nau01, Nau04]

u3 = u1 � u2 u6 = 3 � u4

u4 = cos(u3) u7 = 4 � u4

u5 = 2 � u4 u8 = u3 � u4

Vertex elimination in order 3; 4
requires 13 �ops

Vertex elimination in order 4; 3 re-
quires 14 �ops
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Edge Elimination (ctd)
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Note,
r u8 = c8;4 � r u4 + c8;3 � r u3

r u4 = c4;3 � r u3
So

r u8 = ( c8;4 � c4;3 + c8;3) � r u3:

Corresponds to modi�ed graph
with single edge c8;4 removed and
edge c8;3 modi�ed
c8;3 ! c8;3 + c8;4 � c4;3 requiring 2
�ops.
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Edge Elimination (ctd)
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Note,
r u8 = c8;4 � r u4 + c8;3 � r u3

r u4 = c4;3 � r u3
So

r u8 = ( c8;4 � c4;3 + c8;3) � r u3:

Corresponds to modi�ed graph
with single edge c8;4 removed and
edge c8;3 modi�ed
c8;3 ! c8;3 + c8;4 � c4;3 requiring 2
�ops.

Now eliminate vertex 3 for 4 �ops
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Edge Elimination (ctd)
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Note,
r u8 = c8;4 � r u4 + c8;3 � r u3

r u4 = c4;3 � r u3
So

r u8 = ( c8;4 � c4;3 + c8;3) � r u3:

Corresponds to modi�ed graph
with single edge c8;4 removed and
edge c8;3 modi�ed
c8;3 ! c8;3 + c8;4 � c4;3 requiring 2
�ops.

Now eliminate vertex 3 for 4 �ops

Now eliminate vertex 4 for 6 �ops
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Edge Elimination (ctd)
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Note,
r u8 = c8;4 � r u4 + c8;3 � r u3

r u4 = c4;3 � r u3
So

r u8 = ( c8;4 � c4;3 + c8;3) � r u3:

Corresponds to modi�ed graph
with single edge c8;4 removed and
edge c8;3 modi�ed
c8;3 ! c8;3 + c8;4 � c4;3 requiring 2
�ops.

Now eliminate vertex 3 for 4 �ops

Now eliminate vertex 4 for 6 �ops

Graph now bipartite i.e., Jacobian
for 12 �ops
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Face Elimination & the Dual Graph
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Starting C-Graph[Nau04]
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Face Elimination & the Dual Graph
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Starting C-Graph[Nau04]

Add dual vertices for each
original edge labelled with edge
value
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Face Elimination & the Dual Graph
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sc8 sc9 Starting C-Graph[Nau04]

Add dual vertices for each
original edge labelled with edge
value

Add dual vertices below
independents and above
dependents
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Face Elimination & the Dual Graph
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sc8 sc9 Starting C-Graph[Nau04]

Add dual vertices for each
original edge labelled with edge
value

Add dual vertices below
independents and above
dependents

Add edges between dual
vertices if their corresponding
edges in C-Graph intersect at a
vertex.
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Face Elimination & the Dual Graph
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Add dual vertices for each
original edge labelled with edge
value

Add dual vertices below
independents and above
dependents

Add edges between dual
vertices if their corresponding
edges in C-Graph intersect at a
vertex.

Gives the Dual Graph.

Sum of products over each path
connecting independent to de-
pendent gives the partial deriva-
tive.
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Face Elimination
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Eliminate edge (1; 3) by adding
new vertex 10 connecting 3's
successors to 1's predecessor
and taking value c10 = c3 � c1.
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Face Elimination
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Eliminate edge (1; 3) by adding
new vertex 10 connecting 3's
successors to 1's predecessor
and taking value c10 = c3 � c1.

Eliminate edge (4; 5) by adding
new vertex 11 connecting 5's
successors to 4's predecessor
and taking value c11 = c5 � c4.
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Face Elimination
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new vertex 10 connecting 3's
successors to 1's predecessor
and taking value c10 = c3 � c1.

Eliminate edge (4; 5) by adding
new vertex 11 connecting 5's
successors to 4's predecessor
and taking value c11 = c5 � c4.

Vertices 4 and 5 isolated so re-
move.
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Face Elimination
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Eliminate edge (1; 3) by adding
new vertex 10 connecting 3's
successors to 1's predecessor
and taking value c10 = c3 � c1.

Eliminate edge (4; 5) by adding
new vertex 11 connecting 5's
successors to 4's predecessor
and taking value c11 = c5 � c4.

Vertices 4 and 5 isolated so
remove.

Eliminate (1; 11), but 11's succes-
sors are successors of 10 (1's
predecessor's successor) so ex-
tra vertex not-needed c10 = c10 +
c1 � c11. Now 1 isolated so re-
move.
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Face Elimination
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Eliminate edge (1; 3) by adding
new vertex 10 connecting 3's
successors to 1's predecessor
and taking value c10 = c3 � c1.

Eliminate edge (4; 5) by adding
new vertex 11 connecting 5's
successors to 4's predecessor
and taking value c11 = c5 � c4.

Vertices 4 and 5 isolated so
remove.

Eliminate (1; 11), but 11's succes-
sors are successors of 10 (1's
predecessor's successor) so ex-
tra vertex not-needed c10 = c10 +
c1 � c11. Now 1 isolated so re-
move.
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Dual of Bipartite Graph
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Continuing with face
eliminations we obtain the
dual of a bipartite graph.

Jacobian entries are the in-
ternal node values.

Introduction to Automatic Differentiation – p.53/55



Vertex, Edge & Face Elimination
Naumann has shown [Nau04]

There is a hierarchy
Vertex Elimination � Edge Elimination � Face Elimination .

There are examples for which,

Cost(Edge Elimination) < Cost(Vertex Elimination)

and
Cost(Face Elimination) < Cost(Edge Elimination)

with Cost being the number of fused-multiply-adds
ci = ci + cj � ck .

It appears that face-elimination is the fundamental
elimination for reducing C-Graphs to bipartite form.

Challenges are: to see if Face/Edge elimination techniques
reduce operations count enough to decrease run-times, to
�nd effective heuristics to order eliminations and to take
account of machine architecture effects.
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Conclusions

We need derivatives in scienti�c computing.

Described Jacobian calculation by forward and reverse mode
AD via chain rule and linearised computational graphs.

Simple computational complexity analysis of forward and
reverse mode.

Shown how AD calculates directional derivatives/adjoints or
equivalently Jacobian-vector and vector-Jacobian products.

Forward-over-reverse approach calculates Hessians or
Hessian-vector products

Elimination methods can greatly reduce the cost of Jacobian
calculation.

Other topics covered in subsequent lectures.
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