Introduction to
Automatic Differentiation 2

Shaun Forth

S.A.Forth@cranfield.ac.uk

Applied Mathematics & Operational Research Group
Engineering Systems Department
Cran eld University (Shrivenham Campus)
Swindon SN6 8LA, UK

2Prepared under EPSRC funding GR/R85358/01

Introduction to Automatic Differentiation — p.1/55



© o o o o o o o 0 @

Plan

What is Automatic Differentiation?

Why Do We Need Derivatives?

Terminology and Notation

Forward Mode AD

Linearised Computational Graphs

Adjoint or Reverse Mode AD

Computational Complexity of Forward and Reverse
Directional Derivatives/Adjoints

Second-Order Derivatives & Hessians

Elimination Methods

Introduction to Automatic Differentiation — p.2/55



What I1s Automatic Differentiation?



What is Automatic Differentiation?

Algorithmic, or automatic differentiation (AD) is
concerned with the accurate and ef cient evaluation of
derivatives for functions de ned by computer programs.

and

..., AD operates by systematic application of the chain
rule, .... applied not to symbolic expressions but to
actual numerical ( oating point) values.

Andreas Griewank [Gri00].
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Why Do We Need Derivatives?



Some Examples

#® Solution of Nonlinear Equations f(x) = 0 by Newton methods

@(x") *
&

n+l _

X"t = x" f(x");

requires Jacobian Jf = [ @=@] or Jacobian-vector products
J d for GMRES solve. e.g., DAEs and stiff ODEs via BDF
methods, CFD Newton solvers [HMO1].

® Optimisation via gradient methods [NW99].
» Unconstrained Optimisation minimise y = f (x) requires
gradient, r f = @f=@=[@f=@k
o Constrained Optimisation minimise y = f (x) such that
c(x) = 0 also requires Jacobian Jc(x) = [ @=@X.

o PDE Constrained Optimisation minimise y = f (u;x) such
that c(x) = 0 and PDE(u; x) also requires @=@. e.g.,
design optimisation [MPO1].
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Some Examples (ctd)

® Parameter Estimation e.g., nd x to best t solution of
parameter dependent ODE dy=dt = f(t; y; x) to data set
(ti; Y ;) requires Jacobian w.r.t. x of residualr =[Y; vy(tj)].

® Data Assimilation: ODE/PDE model with incomplete initial
conditions but additional data arriving throughout the
calculation to enable solution corrections e.g., weather

forecasting.
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Example - Interval Arithmetic [HJEO1]

#® Variables have upper and lower bounds x = [ X; Xu]
#® Propagate bounds through a computer code,

z=x+y =) [z:z)]= [Xi+ Vi Xu+ Yl
z=X Yy =) [z:zy]= [Min(X; VX Yu:Xa YiXu Yo
max(X; VX1 YuiXu YiXu Yol
® Requirements for AD

o Global optimisation: minimise y = f (x). Evaluate interval
derivative [fi;fy] = f A[x,;xy]). Reject interval if 0 6f;f,].
Modern methods sophisticated [SZWO03].

o Validated ODE Solution: for ODE dy=dt = f(t;y;x),

y(t = 0) = yy, calculate error bounds (intervals) on the
solution y (t) given error bounds (intervals) for yo and/or
parameters x. Typically use Taylor series solution (high
order derivatives) with intervals [MB0O1, MBO04].
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AD Now Embedded in Other Software

® PETSc Portable, Extensible Toolkit for Scienti c Computation
http://www.mcs.anl.gov/petsc
parallel solution of scienti ¢ applications modelled by pa rtial
differential equations - uses ADIFOR[BCKM96] and ADIC
[BRM97] for sparse Jacobian calculation.

® NEOS Online Optimization Server
http://www-neos.mcs.anl.gov/neos/
Derivatives and sparsity patterns computed automatically

with ADIFOR, ADIC ADOL-C [GJM* 99].

® TOMLAB Matlab optimisation package
http://www.tomlab.biz/
uses MAD [For04, FEO4] for objective/constraint gradients or
Hessians (if user supplies gradient code).
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Terminology and Notation



Terminology

For a function
y=FX):x2R™"y2R"

de ned by computer code we de ne three (sub)groups of the
code's variables:

must be supplied and with respect to which the derivatives
@ =@ are required,

® dependent variables: y = (y;;i =1;:::;m) which must be
calculated and whose derivatives are required,
® intermediate variables: w = (w;;i =1;:::;p) whose values

are calculated (perhaps indirectly) from the x and which are
needed to calculate (perhaps indirectly) the y.

Collectively, these variables are termed active variables.

We de ne inactive variables as those which are not active.
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A Simple Example

function [y1;y2] = f(X1;X2;x3;a;b)
w1 =log(X1 X2)

2

Wy = X2 X3 a

W3 = Db Wi+ Xo=X3 We want to calculate the Ja-
y1= Wi+ Wy  Xp cobian Jf , , 3
Yo = pW_3 W2 " # @y @y @y
- 'yr _ X Q% @x £.
=y ggy X %y‘z"
@x @x @x

Therefore we have

<

o o o @

iIndependent variables: x = (X1;X2; X3)
dependent variables: y = (y1;Y?2)
Intermediate variables: w = (wq; wy; w3)
active variables x;y;w

Inactive variables a; b
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For the Purposes of Analysis

Executing the function code de nes N = n+ p+ m internal

# n copies of the independents u; = xj; 1 =1;:::n;
s p+ mstatementsu; = i(fujg i); 1=n+1:::;N;
Precedence relationj i means that the variable u; is

Involved in the expression .

Each ; represents a composition of one or more
elemental/intrinsic functions or elemental/intrinsic operators.

Assume that no expression for a dependent variable involves
another dependent variable, i.e.,i>n + pandj i, then

] n+p.

Introduction to Automatic Differentiation — p.13/55



For Our Example

= 4(ug;up) =log(u1 u2)
= s5(uz; Uu3) = U U% a

= (U2;u3;Us) = b Uzt U=U3
= 7(uz;us;us) = Bfﬁ Us Us

= g(Us; Up)

1

c
o

c
o1

| MW O

Introduction to Automatic Differentiation — p.14/55



Forward Mode AD



e o @

L I

Differentiate the Code

Assume the ; have continuous rst derivatives
De ne gradient operator r = ( @=@Xx ::; @=@X;
Take the code

| )
Ui = Xj; 1 =1;:::m
u = i(fujgi i); 1=n+1:::;N;
and differentiate
_ 9
I Ui :%; 1=1;::::n =
ru = Cij r Uj; IT=n+1;:::;N .

1 2 ' i : : Cy :
e =(0;0;:::; I1; L ;6): n-vector with unit entry in position i

cij are the local derivatives ¢ij = @ =@L.
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Example (ctd)

9
ru; =(1:;0,0) =
ru, =(0;10) S Seeding
ruz =(0;0;1)

C4:1 = Uz=(UqU2); Ca2 = U3=(U1U2)
Fug=0Cs1 I Up+ C2 I Uy
Cs2 = U5 Cs:3 = 2UpU3

U5= C52 I Ux+ C5:3 I U3 local derivatives

| MR ©©

Co2 =1=U3; Cez= U2=U5; Cea=D and
Ug=Cg2 I Up+ Cg3 I U3+ Cgg I Ug derivative
C7:2 = 1; C7:4 = 2U4; C7:5 = 1 propagation

Fu7=Cz2 I Uo+ Crqg I' Ugt+ C75 I' Us
_ . a4 P —

Cg:5 = 1; Cg:6 = 1—(2 Ue)

F'ug= Cgs I Us+ Cgps I Ug
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(Edited) TAF Generated Forward Mode Code

subroutine g f( X, g X, a, b, y, gy )
C This routine was generated by Automatic differentiation.
G FastOpt: Transformation of Algorithm in Fortran, TAF 1.6.2
integer g_pmax
parameter ( g pmax = 3 )
real a,b,x(3),y(2)
real g_x(g_pmax,3),g_y(g_pmax,2)

integer g_i_
real g w(g_pmax,3)
real w(3)
do g i =1, g pmax
g_w(g_i_,1) = g_x(9_1_,2) *L/(x(1)  *x(2)) *x(1)
$+g_x(9_i_1) *+1/(x(1) *x(2)) *x(2)
end do
w(l) = log(x(1)  *x(2))
do g i =1, g pmax

g w(g_i,2) =2 =*g.x0_i.,3) *x2) *x(3)
$+g x(g_i_,2) *X(3) #* 2

end do
w(2) = x(2) =*Xx(3) ** 2-a
do gi_ =1, g pmax

g_w(g_I_,3) = g_w(g_i_1) *Db
$9 x(0_i_3)  *(x@xEB)  *x(3))+g_x(9_i_.2)/x(3)

end do
w(3) = b *w(1)+x(2)/x(3)
do g i =1, g pmax
9_y(9_i_,1) = g_w(g_i_.2)+2 *g_w(g_i_1) *w(1)
$-9_x(9_i_,2)
end do
y(1) = w(l) = 2+w(2)-x(2)
do gi_ =1, g pmax
9_y(9_i_,2) = g_w(g_i_,3) *(L/(2. *sart(w(3))))
$-9_w(g_i_,2)
end do
y(2) = sart(w(3))-w(2)
end
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Cost of (Forward Propagation of Derivs.

Njcj=1 :No. of unit local derivatives ¢;j = 1

® Dene : L
Njcje1 :NO. of non-unit local derivatives ¢j 8 0; 1

® Solve for derivative)zc, In forward order r up+1,r Up+2,...,I UN
r uj = Cij I uj; 1=n+1;:::;N;
i

#® Flop count ops (fwd. propagation) given by,
ops (fwd. propagation)

= nNjge1 (mults. ¢; r uj;cj 6 1,0)
+ n(Njngl + NjCjZl) (adds./subs. +(Ci;j I Uj )
n(p+ m) ( rst n adds./subs. for each statemer

ops(fwd. propagation) = N(2 Njgje1 +Nj¢j=1 -P-mM).

°

Cost increases linearly with n - the number of independents

°

Our example ops(linear solve (forward mode) ) = 48
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Linearised Computational Graphs



Linearised Computational Graphs

2
~

Intermediates

Ca:1

V- uq

Dependents
@ @)@%8;6
%AZ?;S s @V ug
CA 6
Ce:4 C A
. C Aryg 62
72C  a@
Ca:2 C @ Cs;3
@ ’ C 05’2@
@ C aFs:3
@ C @
@ ¢ @
Qv u-, @V us
Independents

| N

Widely used paradigm for
expressing derivative
relationships between
variables.

Each vertex corresponds to
an active variable.

Directed edges from a vertex
to its successors labelled
with the associated local
derivative - hence linearised.

Abbreviated to C-Graph.

Other paradigms: extended

Jacobian [Gri00, FTPRO04],
dual C-Graph [Nau04],
matrix-chaining [GNO3],

matrix-products [GriOQ].
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Forward Mode In the C-Graph

Each vertex's derivative
IS the edge-weighted sum
of its predecessors.

Dependents _
Vr Uz Vr Ug g = C4;1 r ujp
@ @)@%8;6 tC42 I U2
§ C7:4 %MA:\?;S Cs:5 @vy yg rus = GCs2 I U
v 4 CA = P
Y C Av Ce;2 FUs C6:2 U2
o, U e lUs +Csa I U
= 6@ 7,2C @ C6,3 3
c
— @ Ca:2 CC @ Cs;3 +C6;4 I Uy
’ @ C @ks:3 ruz = Cz2f U2
C @
@@ a @ TC7a I Ug
Vi oug " @37(rj Us @V ys +Cz5 I Us
ndependents —
P g = Cgs5 I Us

tCge I Us

Introduction to Automatic Differentiation — p.21/55



Adjoint or Reverse Mode AD



So What Are Adjoints?

For the purposes of calculating the Jacobian:
#® De ne adjoint operator acting on variable u; as u; by,

:Q:X @@U:X UG
@y ., @uey .,

Our example makes this easier to understand!

Uj
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ion — p.23/55



For our Example

® For dependents uzg

Ug = YZ:@—%,(Yl;YZ):(O;l)

@

uz = Y1:@—Y(Y1;Y2):(1;0)

the adjoint seeding.
® For the others

@ _ @ @y

@y @g@y © B
@ _ @@, @@y

@y @u @le @y @Hy

Us=

Us= = U7 C75+ Ug Cgs
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Reverse Mode in the C-Graph

Dependents .
vu7p Vg Each vertex's adjoint Is
ap @ Ca:6 the_ edge-weighted sum
B Cr4 00%;5 Ca:5 @ vy, of its successors.
© C '
o) CA 6 Ug = Ug Cgp
<) Cea C A 3 N
gVu4 C A/ Cs:2 Us = U7 C7s5+ Ug Cgs
L b@ 07;2% 60 Us = Us Cgat U7 Cra
C_ @@CA';2 C (35.@2)@ %63 U3 = Us G553+ Us GCg;3
ik @ C| " @s? U = Us Cgp+ Us Csp
@ C @
@ C @ tUs GCg21 U7 C7;2
V Uy Qv s, V Us Ui = Uz Caq

Independents
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Cost of Reverse Propagation of Adjoints

# Solve for adjoints in reverse g)(rder Un+psUn+p 1.-05U1
Uj = Ui Gi;j -
]

#® Dif culty:

s For adjoint u; of variable created by statement j the local
derivatives c;; Is associated with later statement |

» Hard to ascertain when 1st values assigned to an adjoint.

o Easiest solution - initialize adjoints to zero and always
Increment them.

® \We need
s m multiplications for each ¢c; 60; 1

s For each u; - add each ujc;; incurring m
additions/subtractions.
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Cost of Reverse Propagation (ctd)

® eg.,forup=us c2+Us Cs2+ Ug Cg2+ U7 Cr2; WE INCUK
o 3m multiplications since c;o = 1butall othersare 6 1
» 4m additions to accumulate contributions from 4 adjoints

#® Flop count ops (fwd. propagation) given by,
ops (rev. propagation)
= mNjngl (mults. u; Cij;Cj 6 1,0)
+ m(Njngl + NjCj=1) (adds./subs. + ( u; Ci:j ))

ops(rev. propagation) = M(2 Njgje1 +Njgj=1)-

® Costincreases linearly with m - the number of independents

® [or our example
ops(rev. propagation) ) =2 (2 9+3)=42 ops
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(Edited) TAF Generated Adjoint Code

subroutine adf( x, adx, a, b, y, ady )
Ce This routine was generated by Automatic differentiation. i
G FastOpt: Transformation of Algorithm in Fortran, TAF 1.6.2 3w

integer adpmax

parameter ( adpmax = 2 )

real a,adx(adpmax,3),ady(adpmax,2),b,x(3),y(2)

integer adi_

real adw(adpmax,3)

integer ipl,ip2

real w(3)

do ip2 =1, 3

do ipl = 1, adpmax
adw(ipl,ip2) = 0.
end do

end do

w(l) = log(x(1)  *x(2))
w(2) = x(2) *x(3) ** 2-a
w(3) = b *w(1)+x(2)/x(3)
y(d) = w(l) * 2+w(2)-x(2)
y(2) = sart(w(3))-w(2)

do adi_ = 1, adpmax
adw(adi_,3) = adw(adi_,3)+ady(adi_,2) *(1./(2.  *sqgrt(w(3))))
adw(adi_,2) = adw(adi_,2)-ady(adi_,2)
ady(adi_,2) = 0.

end do

do adi_ = 1, adpmax
adw(adi_,2) = adw(adi_,2)+ady(adi_,1)
adw(adi_,1) = adw(adi_,1)+2 rady(adi_,1) *w(1)
adx(adi_,2) = adx(adi_,2)-ady(adi_,1)
ady(adi_,1) = 0.

end do

do adi_ = 1, adpmax
adw(adi_,1) = adw(adi_,1)+adw(adi_,3) *p
adx(adi_,3) = adx(adi_,3)-adw(adi_,3) * (X(2)/(X(3) *X(3)))
adx(adi_,2) = adx(adi_,2)+adw(adi_,3)/x(3)
adw(adi_,3) = 0.

end do

do adi_ = 1, adpmax
adx(adi_,3) = adx(adi_,3)+2 *adw(adi_,2) *x(2) *x(3)
adx(adi_,2) = adx(adi_,2)+adw(adi_,2) *X(3) ** 2
adw(adi_,2) = 0.

end do

do adi_ = 1, adpmax
adx(adi_,2) = adx(adi_,2)+adw(adi_,1) *1./(x(1) *x(2)) =*x(1)
adx(adi_,1) = adx(adi_,1)+adw(adi_,1) *1./(x(1) *x(2)) *x(2)
adw(adi_,1) = 0.

end do

end
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Computational Complexity of
Forward and Reverse



Computational Complexity

So far considered cost of forward propagation of derivatives,

ops(fwd. propagation)) = n(2 Njge1 +Njcj=1 -P-m).

or reverse propagation of adjoints,

ops(rev. propagation)) = m(2 Njcjg1 +Njcj=1)-

Both require

» Njcj=1 Number of unit local derivatives ¢;; = 1inthe
C-Graph

» Njcje1z Number of non-unit local derivatives ¢;; 6 0; 11n
the C-Graph

For arbitrary code how do we obtain Nj¢j-1, Njce1 and what
Is the cost of evaluating the ci; themselves?

For bounds on these values we look to the code-list or
evaluation trace.
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The Code-List

® Code-List given by re-writing the code into elemental binary

and unary operations/functions.

® e.g. For our example

V1 X1
Vo X2
V3 X3
Vg = V1 Vo
Vs = log(va)
Ve = V3
V7= Vg V2
Vg = V7 a

® |f the code contains branching, loops, multiple sub-function
calls etc. then consider Evaluation Trace of all elemental
operations in one evaluation [Gri0Q0].
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C-Graph of the Code-List

® Assume code-list contains
» only active variables
o N addition/subtractions e.g. vig + Vi3
o N multiplications e.g. vi V2
» Nt nonlinear functions/operations e.g. log(vs), 1=v3
e Totalofp+ m=N + N + N; statements

® Then
» Each addition/subtraction generatestwo ¢;; = 1
s Each multiplication generatestwo ci; 6 1,0

s Each nonlinear function generatesone ¢;; 6 1,0
requiring one nonlinear function evaluation e.qg.
Vs = log(Vvs) giVGS Cs:4 = 1=Vy.
® So in the C-Graph of the code-list we have,
NjCj=l = 2N
Nicigr = 2N + Ng
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Complexity of Forward Mode

Assume ops (nonlinear function)= !, 1> 1,
Cost of evaluation function is,

ops(f)=(N + N + IN¢):
Cost of evaluation local derivatives c;; Is,
ops (Cij ) = N ¢:
Cost of forward propagation of derivatives is

ops (fwd. propagation) =

= N 2Njge1 + Njgjz=2 P m)

= n(2(2N + N¢)+2N (N + N + N¢))
= n(3N + N + Njg)
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Complexity of Forward Mode (ctd)

Now
ops (Jf)= ops(f)+ ops(c;j)+ ops (fwd. propagation)

then for forward mode

ops (Jf) _ 14 IN ¢+ + n(3N + N + Ni¢)
ops (f) N + N +IN
1 1
= 1+3nR +nfl +n |—+ﬁ!§l|f
where, (N ;N ;IN¢)
. -I — .
(R i) N TN TN
Since R + 8 + I ; =1 and all coef cients positive,
OPSOF) 14 nmax 31, L+ 1 =1+3n:
ops (f) S

Worse case: code with far more mults. than other ops.
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Complexity of Reverse Mode

ops (rev. propagation) = m(4N +2N +2Nj);

giving,
oSO _ g ame +2mfl +m 2+ 1 I8
ops (f) ! m
and
OPSUF) 14 mmax 42, 2+ 1 =1+4m
ops (f) Loom

Form=1 ops(r f) 5 ops (f) cheap gradient result

Note for our forward and reverse bounds we:

® ignore time for data movement - reading variables from
memory to registers

® assume operations performed sequentially (untrue for
modern processors)

More involved analysis in [GriOO0].
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Directional Derivatives/Adjoints



Directional Derivatives/Adjoints

# Derivative in direction d = (dq;do;::::d,)T"; given by

di(x + dt) @ d(x + dt) _ _
. = @ . = Jf(x) d;

the Jacobian-vector product.

® Re-dene r & and seed independents r x; = d; then

forward mode AD propagates directional derivatives and
calculates Jacobian-vector products

® For arbitrary ( xed) row vector v = (vq;Vo;:::;Vy) gradient,

@—@X @% (Viy1 + :ii4 VinYm) = M:V Q = v Jf;

the vector-Jacobian productv Jf.

® Re-de ne adjoint operator u to give scalaru = d(v y)=du
and seed adjoints of dependents y; = v; then reverse mode
AD propagates directional adjoints and calculates
vector-Jacobian products

Introduction to Automatic Differentiation — p.36/55



Jacobian Products

Forward Mode

ru seed seeding calculates
scalars d=(dg;:::;dy)T r x; = di Jd
gvectors D =[dijlizanj=1q I Xij =dyj (I D
n-vectors I, I Xj = € J 1, = Jf

Reverse or Adjoint Mode

u seed seeding calculates
scalars V=(V1,::;Vm) Yi =V v Jf
g-vectors  V =[Vijliz1qj=1:m  VYij = Vij Vot
m-vectors I yj = € Ilm  Jf = Jf

N.B. AD-tool indexing conventions.

e.g. ADIFOR: g_u(j,i) IS j th directional derivative of u(i)
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Second-Order Derivatives &
Hesslans



Second-Order Derivatives & Hesslans

Requirements:

Optimisation - Hessians r 4f (x) or Hessian-vector
products r %f (x) d for Newton Methods[NW99].
Statistical Response Surface Fitting covariance given by
[r %f (x)] *[RFO4] (f (x) is log-likelihood).

Data Assimilation - Posterior uncertainty estimates use
iInverse Hessian [KGS™ 03, BRO3]

If adjoint code available then differentiate it with forward
mode giving forward over reverse [Gri00].

adjoint calculates x =y Jf(x)
apply forward mode w.rt. x rx=y r f(X) r X
sety = Im:r x = I, r X = r %f(x)

Costis O(n m) cost of f with one reverse pass
Reverse over reverse needs two reverse passes [Gri00].
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Elimination Methods

Can substantially reduce the cost of calculating a Jacobian

There are 3 classes of elimination methods (so far!)

1. Vertex elimination - successively eliminate vertices of
Intermediate variables from the C-Graph [GR91, Gri00].

2. Edge elimination - successively eliminate edges from the
C-Graph [Nau99, Gri00].

3. Face elimination - successively eliminate edges from the
dual C-Graph [Nau04].

Edge and vertex elimination can also be interpreted in the
extended Jacobian [GriO0].

Introduction to Automatic Differentiation — p.41/55



Vertex Elimination

Consider equations containing r uy

g = Cg1 I UL+ Cs2 I Uy

rug = GCg2 I' U2+ Cg3 I' U3+ Cg4 I' Uy

ruy = Cz2l U2+ Cz4 I Ug+ Cz5 I' Us
We can eliminate r us from the second 2 equations,
Us = Cs4 Ca1 I Ur+(Csa Capt+ Csp) I Up+ Ca3 I U3
ruz = Cra Cg1 I Up+(Crqa Ca2+ Cz2) I' Ux+ Cz5 I' Us

This corresponds to a modi ed C-Graph in which
Vertex us and adjacent edges are removed
Edge cg.2 Is updated cg2 ! Cg2+ Csa  Ca2
Edge c7o Isupdated c72! Cra Caot+ Cro=Crg Ca2 1
Edge from u; to ug IS created cg.1 = Cg:4 Cs1
Edge from u; to uy is created c7.1 = C7:4  Cg1
For each predecessor-successor pair, multiply associated

edge values and add to the edge linking the predecessor to
the successor (creating edge if needed).

Introduction to Automatic Differentiation — p.42/55



Original Graph

Vuy Vug
@ @@gia;a
5 C
C7:4 %527,5 8:5 @V Ug
CA 6
C;a C A
vVu C Aryg 62
7,2C
J@ ao
@ Cq:2 C @ Cs;3
@ ’ C C5’2@
@ C @fs:3
@ C @
@ ¢ @
Vuq @w u, @V us

Choose to eliminate uy4
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Eliminate Intermediate uy

Select adjacent edges
for elimination

Vuy Vug
@ @@58;6
CA 6
Ce;a C A
vVu C Aryg 62
7;2C
6@ @)
@ Cq:2 C @ Cs;3
C @™ C C5-2@
4,1 @ cl > @fs:3
@ C @
@ ¢ @
Vuq @ u, @V us
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Eliminate Intermediate uy

Vuy Vug
@ @@ga;es
CA 6
Cé:4 C A
VugCra . C Avug C6;2
1;2C
6@ @)
@ Cq:2 C @ Ce:3
@ ’ C C5’2@
@ C @rs:3
@ C @
@ ¢ @
Vuq @ u, @V us

Select adjacent edges
for elimination

Add new edges

C7.4 Ca1
Ce;4 Cs411

C71 =
Ce;1 =

Update 2 edges

Cr2 = Cr2% Crga Cyo2
= 1+ Crs Cap2
Ce2 = GCg21 Coa Cup2

Cost 6 ops.
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Eliminate Intermediate uy

Vuy Vug
@ @@98;6
-5 Cg:5
%627’5 @v Ug
>
CA 6
C A
Cz1 . C Avusg Ce;2
7,2C a0
CC @@ Ce;3
Cs;2
Cs;1 C @Fs:3
C @
(@ @
® u, @v us

Select adjacent edges
for elimination

Add new edges

Cz1 = Cra G
C;1 = GCga Can

Update 2 edges

Cr2 = Cr2t Crga Cap2
= 1+ Cra Cap
Ce2 = GCg21 Coa Cup2

Cost 6 ops.

Remove eliminated ver-
tex and edges.
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Eliminate Intermediate uy

Select adjacent edges
for elimination

vVu7 Vusg Add new edges
& @ .
8,6 _
CAC7:5 Cg:5 @@Vu C7z1 = Crga C4a
CA > ° C;1 = GCga Ca
CA 6
C A
;1 C Aryg ©62 Update 2 edges
7,2C @
C @ Cs:3 Cz2 = C7z2t+ Crs Cao2
Clcs ' j
Cs;1 C CS’Z@@CS;S - 1+cC7a Cap
¢ @ Ce2 = GCg27t Csa Ca2
C @
YUz @V us Cost 6 ops.

Remove eliminated ver-
tex and edges.
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Eliminate us

Select adjacent edges
for elimination

@ @@38;6
CAC7.5 Cgs
CA 6
C A
c;1 C Avyg 62
7,2C @
% @@ C6:3
CS;Z
Cs:1 C aFs:3
C @
C @
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Eliminate

Ca-
& | @@8,6
CA&:5 Cgs C @vy
CAS C. . °
CAS g, C7
CAS 7 C
1 C Ag “2C
C7.2C a0 S C
C| @S O3 e
Clecen @S C
1 C 0 @%3 C
C @5 C
C @ C
Vu, @ u, @&V us

Us
Select adjacent edges
for elimination

Add new edges

Cg2 = GCgs5 GCs:2
— Cs:2
Cg.3 = Cgs5 GCs3
— Cs:3
Cz3 = C75 GCs3
= C53

Update edge

Cr2 = Cr2+ Crs5 Cs2
= C72+ Cs52

Cost 1 op.
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Eliminate us

Vuz Vus
® ® o
@ )
CS C
C s c ©@Vus
C S ¢, C° P
C S 7 cC
cci  C s W2c
C7.2C S C
C S  C&3 |cgs
C S C|
Cs:1 C @3 C
C S C
C S g
VUi @ u, SV uy

Select adjacent edges
for elimination

Add new edges

Cg2 = GCgs5 GCs:2
— Cs:2
Cg.3 = Cgs5 C53
- Cs:3
C7z3 = C75 GCs3
= GCs53

Update edge

Cr2 = Cr2+ Crs5 Cs2
= C72+ Cs52
Cost 1 op.

Remove eliminated ver-
tex and edges.
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Eliminate us

Vuy Vus
@ @ Cs:6
@ ]
CS C
C s c ©@Vus
C S ¢, C° P
C S 7 cC
c;ci C s W2C
C7.2C S C
C S 0B [caa
C S C|
Cs:1 C @3 C
C S C
C SQ
VUi @ u, SV uy

Select adjacent edges
for elimination

Add new edges

Cg2 = GCgs5 G52
- Cs;2
Cg.;3 = Cgs5 Cs3
- Cs;3
C7zz3 = C75 GCs3
= GC53

Update edge

Cz2 = C72+ Cz5 Cs2
= C72t Cs52
Cost 1 op.

Remove eliminated ver-
tex and edges.
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Eliminate ug

Select adjacent edges
for elimination

@ @ C8:6
@ ]
CS C
C s c ©@Vus
C S ¢, C P
C S ’ C
C;1  C s Ge2c
C7.2C S C
C S C&3 chs
C S C
C:1 C @3 C
C S C
C Sd
VUi @ u, SV uy
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Eliminate ug

®s ! @@538;6
C S C~ avy
C S C. . ©
C S ¢, C P
C S ’ C
C71 C S Ce;2 C
C7.2C S C
Cg1 C S C&3c3
C S C|
C:1 C @3 C
C S C
C SC
Vup @ u, S PP

Select adjacent edges

for elimination
Add new edge

Cs:1 = Cge Co:1
Update 2 edges

Cg.o = Cg2+t Cgps Ca2
Cg:.3 = Cg3+t Cgs Ca3
Cost 5 ops.
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Eliminate ug

Select adjacent edges

for elimination
Add new edge

Cs:1 = Cg6 Co:1
Update 2 edges

Cg.2 = Cg2+t Cgps Ca2
Cs.3+ Cgs GCs:3
Cost 5 ops.

Remove eliminated

vertex and edges.

Cs:3
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Eliminate ug

Select adjacent edges

for elimination
Add new edge

Cs:1 = Cg6 Co:1
Update 2 edges

Cg.2 = Cg2+t Cgps Ca2
Cg:.3 = Cg3* Cgs Coa3
Cost 5 ops.

Remove eliminated
vertex and edges.
Graph is now bipartite -
dependents connected
directly to independents

with no intermediates.
Cost of elimination I1s 12

ops (fwd./rev. propa-
gation 48=42 ops)
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ELIAD Generated Jacobian Code (Forward Order-
Ing)

subroutine f xc(x, a, b, y, xc_y x)

real x(3), a, b, y(2), w(3)

real xc 3 0, xc.3 1, xc 4 1, xc_ 4 2, xc. 5 3
real xc 5 1, xc. 5 2, xc 6 3, xc_ 6 4, xc_ 6 1
real xc 7 5, xc_7 4, xc 5 0, xc_6_0, xc_ 6 2
real xc 7 1, xc_ 7 2, xc_ 7 0

real xc_y x(2, 3)

xc_3_0=x(2)/(x(1) *X(2))
xc_3_1=x(1)/(x(1) *X(2))
w(l)=log(x(1)  *x(2))

XC_ 4 1=X(3) *x 2

xc_4 2=(2 *x(3)) *x(2)
w(2)=x(2) =*x(3) ** 2-a

xc 5 3=b
xc_5_1=x(3)/(x(3) *x 2)
xc_5 2=(-x(2))/(x(3) *x 2)

w(3)=b *w(1)+x(2)/x(3)
xc_6_3=2 *w(1)

xc_6 4=1.d0

Xc_6 1=-1.d0

y(1)=w(1) = 2+w(2)-x(2)
xc_7_5=1.d0/(2  *sqrt(w(3)))
Xc_7 4=-1.d0
y(2)=sart(w(3))-w(2)

Xc 5 0=xc 5 3 *xc_3 0
Xc_5 1=xc_ 5 1+xc 5 3 =*xc_3_ 1
XCc_ 6 0=xc_ 6 3 *xc_3 0
XC_ 6 1=xc 6 1+xc 6 3 *xc 3 1
XC_ 6 1=xc 6 1+xc 6 4 =*xc 4 1
XC_6 2=xc 6 4 *xc 4 2
XC_7_1=xc_7_4 =*xc_4 1
XC_7 2=xc_7_4 *xc_4 2

XC_7_1=xc_7_1+xc_7_5 =*xc_51
XC_ 7 2=xCc_ 7 2+Xc 7 5 =*=xc 5 2
Xc_ 7 0=xc_ 7.5 *xc 50

xc_y Xx(1, 1)=xc_6_0
Xc_y X(2, 1)=xc_7_0
xc_y Xx(1, 2)=xc_6_1
Xc_y X(2, 2)=xc_7_1
xc_y X(1, 3)=xc_6_2
XC_y X(2, 3)=xc_7_2
end
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Elimination Sequences

In what order do we choose to eliminate intermediates - the
Elimination Sequence

forward and reverse mode respectively - vertex elimination
never uses more ops than standard algorithms .

Greedy heuristics often successfully used e.g.

Markowitz (Mark) eliminate intermediate with largest
Markowitz cost (product of No. of successors times No.
of predecessors) [GR9I1].

VLR or Vertex Lowest Relative [Nau99] - eliminate
Intermediate with largest VLR cost (present Markowitz
cost minus Markowitz cost if eliminated last).

Dynamic Programming and Simulated Annealing [Nau99]

Greedy heuristics + source-transformation results via ELIAD
are encouraging [FTPRO4].
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Roe Flux5 10Jacobian [FTPRO4]

ops Ratios of CPU times

Technigue ratio | ALPHA SGI Ultral0 PlII AMD
TAMC-F 21.18 | 9.79 13.15 13.11 9.65 9.80
TAMC-R 12.69 | 7.94 11.16 15.76 11.00 8.40
FD 12.14 | 11.80 12.14 11.52 11.5710.91
Vertex Elim.

VE-F 7.85 452 542 8.24 6.29 501
VE-R 6.78 419 481 758 455 4.50
VE-Mark 7.35 452 544 857 5.32 4.88
VE-VLR 6.60 3.96 5.27 7.08 4.33 4.38
VE-VLR-DFT | 6.60 433 5.07 7.68 4.20 4.39

DFT = Depth rst traversal code re-ordering
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Edge Elimination

@ 6
@ cg Cs:
@Ca,ﬁA Cr.4 8:4
@ A
C5,4@ A .
@A Naumann's "Lion" example
uf@v  Cg3 [NauO1, Nau04]
6 Uz = U1 U Ug =3 Uy
Ugs = COS(U uz =4 U
Cas 4 (us) Uz 4
Usg =2 Uy Ug = U3z Uy
V Us Vertex elimination in order 3;4
Aﬁ\ requires 13 ops
c A Vertex elimination in order 4;3 re-
31 AC3;2 .
A quires 14 ops
A
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Edge Elimination (ctd)

@ 6
@ co .
@%’ﬁA Cr.4 Cg:4
@ A
Cs5:4@ A

@A
U@W Cs:3
6

C4;3

Note,

= Cgg I Ugt+ Cg3 I' U3
= C43 I U3

I Ug = (C8;4 C4:3 + 08;3) r us.

Corresponds to modi ed graph
with single edge cg., removed and
edge cg.3 modi ed

Cs:3 + Cggq C43 Fequiring 2
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Edge Elimination (ctd)

@ 6
@ .

@%’ﬁA C7.4

@ A

Cs.4@ A

@A
U@W Cs:3
6

C4;3

Note,
rug = Cgg I Ug+ Cg3 I U3

Fug = C3 I U3z
So
I Ug = (C8;4 C4:3 + 08;3) r us.

Corresponds to modi ed graph
with single edge cg., removed and
edge cg.3 modi ed

Cs:3! Cg3+ Cga Cag3requiring 2
ops.

Now eliminate vertex 3 for 4 ops
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Edge Elimination (ctd)

@ 6 6
@é&ﬁxA C7:4 Note,
@ A | %1 ruUg = Cgg I Ug+ Cg3 I Uj
C5;4@@'DA\A rug = Cg3 I U3
SO
U4@( I Ug = (08;4 C4:3 + C8;3) r us.
a
CC Corresponds to modi ed graph
c [®2  with single edge cg4 removed and
CC edge cg.3 modi ed
Car1 Ca2C Cs:3! Cg3+ Cga Ca3requiring 2
((3: ops.
C Now eliminate vertex 3 for 4 ops
C .
C Now eliminate vertex 4 for 6 ops
q

VUuq Cu,
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V Us V Ug V Uy
& %Y e
Cs:1 EA GCe:1 B C7:1 E Cg:1
EA B E
E A B E
T52 | Oy CT2g
E A B E
E A B E
E A B E
E A B E
E A B E
E A B E
E A B E
E A B E
E A B E
E ABE
E ABE
E ABE
B ABH
s
& uq

Edge Elimination (ctd)

6

Note,
Fug = Cgg I Ug+ Cg3 I U3
g = Cs3 I U3z

So

I Ug = (C8;4 C4:3 + 08;3) r us.

Corresponds to modi ed graph
with single edge cg., removed and

edge cg.3 modi ed
Cs:3! Cg3+ Cga Ca3requiring 2
ops.

Now eliminate vertex 3 for 4 ops
Now eliminate vertex 4 for 6 ops

Graph now bipartite i.e., Jacobian
for 12 ops
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Face Elimination & the Dual Graph
Starting C-Graph[Nau04]

SUg Su-
@
@ Cg C7
@
@sus
@
@ Cs
@
C3 @suy
Cs
SU 3
@) C
@ 2
C1 @

Su1q @sus,



Face Elimination & the Dual Graph

SUg Su-
@
@SCs SC7
@
@sus
&
@SCs
@
€3 @suy
SCy
SU 3
C1s @ @2
@

Starting C-Graph[Nau04]

Add dual vertices for each
original edge labelled with edge

value
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Face Elimination & the Dual Graph

&8 &9
SUg SU-~
@
@SCs SC7
@
@sus
@
@SCs
@
€3 @suy
Scy
SU 3
C1s @ @2
@
Suq @sus,

Starting C-Graph[Nau04]

Add dual vertices for each
original edge labelled with edge
value

Add dual vertices below
Independents and above
dependents
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Face Elimination & the Dual Graph

6§8 6§9 Starting C-Graph[Nau04]
SUg SU7 Add dual vertices for each
@ original edge labelled with edge
@ 5C 5607 value
. Add dual vertices below
B & Independents and above
? @3(%5 dependents
B, | @su, Add edges between dual
%?/' vertices if their corresponding
B PCa edges in C-Graph intersect at a
SU3BB vertex.
@ B
Cig @
6
Suq @sus,
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Face Elimination & the Dual Graph

28 g9 Starting C-Graph[Nau04]
Add dual vertices for each

original edge labelled with edge

@ 207 value
B@ Add dual vertices below
B @ Independents and above
BB @205 dependents
B, Add edges between dual
B vertices if their corresponding
B 2‘34 edges in C-Graph intersect at a
BB vertex.
B .
Cis e Gives the Dual Graph.
6 6 Sum of products over each path
connecting independent to de-
1 50 pendent gives the partial deriva-

tive.

Introduction to Automatic Differentiation — p.51/55



§I9:a(:e Elimination

@
B @
B @scs
B 6
BB,
iR/
C10s B SCs
& B P
C B
C B
(915 BS2
cb 6
C

Eliminate edge (1;3) by adding
new vertex 10 connecting 3's
successors to 1's predecessor
and taking value ¢ = ¢c3 ¢;.
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§I9:a<:e Elimination

6

oW

Eliminate edge (1; 3) by adding
new vertex 10 connecting 3's
successors to 1's predecessor
and taking value ¢;p = ¢c3 ;.

Eliminate edge (4;5) by adding
new vertex 11 connecting 5's

successors to 4's predecessor
and taking value c;1 = ¢c5  ¢a.
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§I9:a<:e Elimination

6

Eliminate edge (1; 3) by adding
new vertex 10 connecting 3's
successors to 1's predecessor
and taking value ¢;p = c3 c;.

Eliminate edge (4;5) by adding
new vertex 11 connecting 5's
successors to 4's predecessor
and taking value ¢;1 = ¢s  ¢4.

Vertices 4 and 5 isolated so re-
move.
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Face Elimination

|i3 6
SC,

&
C

C
S C
C
3 S C
Bl SC
g611

W

Eliminate edge (1; 3) by adding
new vertex 10 connecting 3's
successors to 1's predecessor
and taking value ¢c;p = ¢c3 ¢3.

Eliminate edge (4;5) by adding
new vertex 11 connecting 5's
successors to 4's predecessor
and taking value ¢;1 = ¢s  ¢4.

Vertices 4 and 5 isolated so
remove.

Eliminate (1; 11), but 11's succes-
sors are successors of 10 (1's
predecessor's successor) so ex-
tra vertex not-needed cig = Ccio0+
c1 C112. Now 1 isolated so re-
move.
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Face Elimination

68
|i3 6
SC
& 7
BS C
BS C
B S C
B S C
B; S C
B scC
C10s B g811
© B
C BB
C
C E2
C 6
C
C
€1 8o

Eliminate edge (1; 3) by adding
new vertex 10 connecting 3's
successors to 1's predecessor
and taking value ci;p= ¢c3 ¢;.

Eliminate edge (4;5) by adding
new vertex 11 connecting 5's
successors to 4's predecessor
and taking value ¢;1 = ¢cs  ¢4.

Vertices 4 and 5 isolated so
remove.

Eliminate (1; 11), but 11's succes-
sors are successors of 10 (1's
predecessor's successor) so ex-
tra vertex not-needed ci9 = cio+
c1 C112. Now 1 isolated so re-
move.
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Dual of Bipartite Graph

v v
@ K
@@ AA
@ A Continuing with face
@ A S :
@ A eliminations we obtain the
C13, C14, @v “1%  dual of a bipartite graph.
KA 0 © Jacobian entries are the in-
A ternal node values.
A
A
v'E ),
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Vertex, Edge & Face Elimination

Naumann has shown [Nau04]
There is a hierarchy
Vertex Elimination Edge Elimination Face Elimination |.

There are examples for which,
Cost(Edge Elimination) < Cost(Vertex Elimination)

and
Cost(Face Elimination) < Cost(Edge Elimination)

with Cost being the number of fused-multiply-adds
G=G*+¢(qG Ck.

It appears that face-elimination is the fundamental
elimination for reducing C-Graphs to bipartite form.

Challenges are: to see if Face/Edge elimination techniques
reduce operations count enough to decrease run-times, to
nd effective heuristics to order eliminations and to take
account of machine architecture effects.
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Conclusions

We need derivatives in scienti c computing.

Described Jacobian calculation by forward and reverse mode
AD via chain rule and linearised computational graphs.

Simple computational complexity analysis of forward and
reverse mode.

Shown how AD calculates directional derivatives/adjoints or
equivalently Jacobian-vector and vector-Jacobian products.

Forward-over-reverse approach calculates Hessians or
Hessian-vector products

Elimination methods can greatly reduce the cost of Jacobian
calculation.

Other topics covered in subsequent lectures.
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