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Discretisation - FLITE 3D Flow Solver
BAE SYSTEMS/AIRBUS UK corporate �ow solver

Compressible Euler equations.

Unstructured, node–based �nite volume discretisation,
du
dt

= R (u; x)

About 180 subroutines/functions

2nd–order spatial accuracy

Explicit RK4 local time-stepping and multigrid.

5 numerical dissipation schemes - default pseudo-Laplacian
scheme [CMG97].

Complex boundary conditions associated with aeronautical
design (propeller discs, coupled boundary-layer solver, ...).

Options for MPI based parallelism, time-dependent
calculations, ...

STILL BEING DEVELOPED
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FLITE 3D Solution Process
For analysis consider simpli�ed solver:
Given Volume Mesh x
Initialise �ow variables u0 = U 0(� )
Do n = 0 ; nmax � 1

[cL ; cD ; M Y ] = c = C(un ; x)!wing surface integral
r n = R (un ; x)! �nite-volume residual
converged = ( kr nk � tol)
If (converged) Exit Do Loop
un+1 = un � PL (un ; x)r n ! explicit time-step

EndDo

Converges locally to u � if jI � PL (u � ; x)R u (u � ; x)j < 1 .

Require lift @cL =@x , drag @cD =@x and pitching moment
@MY =@x sensitivities to mesh coordinates x .

Sensitivities of mesh to surface parameterisation @x=@�
calculated externally to enable optimisation.
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Differentiate the Discretisation - Theory
For mesh x , �ow solver obtains solution u � = u(x) s.t.

R (u � (x); x) = 0 :

Aerodynamic coef�cients given by

[cL ; cD ; M Y ]T = c = C(u � (x); x)

Then, @c
@x

= C x (u � ; x) + Cu (u � ; x)u �
x :

But,
R (u � (x); x) = 0

R u (u � ; x)ux + R x (u � ; x) = 0 ; (by differentiating)

ux = � R u (u � ; x)� 1R x (u � ; x):

So,
@c
@x

= C x (u � ; x) � Cu (u � ; x)R u (u � ; x)� 1R x (u � ; x).
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Forward Sensitivities
@c
@x

= C x (u � ; x) � Cu (u � ; x)
�
R u (u � ; x)� 1R x (u � ; x)

�

| {z }
= � u �

x

:

1. Solve
R u (u � ; x)u �

x + R x (u � ; x) = 0 (1)

for �ow sensitivities u �
x

2. Obtain aerodynamic sensitivities,

@c
@x

= C x (u � ; x) + Cu (u � ; x)u �
x :

For 5 �ow variables per mesh point and Nx mesh points then

R x is a 5Nx � 3Nx matrix

Solving (1) requires 3Nx solutions of a sparse 5Nx � 5Nx

coef�cient matrix linear system.

Cost using forward mode � (3Nx )� �ow solve.
An Adjoint Solver for an Industrial CFD Code via Automatic Differentiation – p.8/20



Reverse or Adjoint Sensitivities
@c
@x

= C x (u � ; x) �
�
Cu (u � ; x)R u (u � ; x)� 1�

| {z }
� �r � T

R x (u � ; x):

1. De�ne residual adjoints �r � by

R u (u � ; x)T �r � = � Cu (u � ; x)T : (2)

2. Now we may get r c(x) by,

r c(x) = C x (u � ; x) + �r � T R x (u � ; x):

For 3 aerodynamic coef�cients c = [ cL ; cD ; M Y ]T then

CT
u is a 5Nx � 3 column-vector

Solving (2) requires solution of a linear system with sparse
5Nx � 5Nx coef�cient matrix but only three right-hand sides

Cost using reverse/adjoint mode � 3� �ow solve.
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Preparing for Differentiation

Explicitly dimension assumed size arrays real a(*)

FLITE3D extensively uses C pre-processor CPP directives:
Up to 2 levels of #include �les
Compile time feature inclusion e.g. #ifdef MPI

We further use CPP to exclude features we don't wish to
differentiate (e.g. time-dependent calcs.)

Isolated some 50 routines for adjoint differentiation.

Nested #include �les can produce huge Fortran source
e.g. b.c. routine nonwall.F - 464 lines,
after CPP nonwall.f - 9,200 lines.
Processing with Odyssée exhausted virtual memory
Replace #include with subroutine calls

After CPP 24,000 lines of Fortran to differentiate.
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Generating the Adjoint Code
Use AD source transformation tool Odyssée [FP98]

Reads Fortran 77, produces Fortran 77 forward/adjoint code

Uses taping to enable adjoint reverse pass
Fixed size arrays - syntax reversal - tape to local variables
Otherwise - �ow reversal - tape (C library)

Carefully extract the core of the main solver loop,

c = C(un ; x)
r n = R (un ; x)
converged = ( kr nk � tol)
If (converged) Exit Do Loop
un+1 = un � PL (un ; x)r n

Generate 52,000 lines of adjoint code and hand assemble
into iterative adjoint solver.

Process automated with make and some sed clean-ups
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Mechanical Adjoint Solve [Gri00, p297]

Converged �ow u �

�c = 1
�uN +1 = 0; �x = 0
Do n = N; N � 1; : : : ; 0

�un = �un+1

�r n = � �un+1 PL (u � ; x)
�un = �un + �r nR u (u � ; x)
�x = �x + �r nR x (u � ; x)
�un = �un + �cCu (u � ; x)
�x = �x + �cC x (u � ; x)
�c = 0

if j �un j � adj_tol �

�
�
�
�
�

X

i>n

�u i

�
�
�
�
�

exit Do Loop
EndIf

EndDo

�un = Cu [I � PL R u ]N � n

�x = C x �

Cu

nP N � 1
i =0 [I � PL R u ]i

o
PL R x

As N ! 1
�x ! C x � Cu [PL R u ]� 1 PL R x ;

= C x � Cu R � 1
u P � 1

L PL R x

�x ! C x � Cu R � 1
u R x

as needed

BUT
�r 0 = � Cu [I � PL R u ]N � 1 PL ! 0

MUST HAVE �uN +1 = 0 soP N � 1
i =0 [I � PL R u ]i correctly

accumulated
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Christianson's Adjoint Solve [Chr94]

Converged �ow u �

�uN +1 = ~u; �x = 0
Do n = N; N � 1; : : : ; 0

�c = 1;
�un = �un+1

�r n = � �un+1 PL (u � ; x)
�un = �un + �r nR u (u � ; x)
�x = �x + �r nR x (u � ; x)
�un = �un + �cCu (u � ; x)
�x = �x + �cC x (u � ; x)
if j �un+1 � �un j � &

adj_tol�
�
� �un+1

�
�

exit Do Loop
else

�x = 0
endif

EndDo

Iteration now of the form of [Chr94]

�u0 = ~u [I � PL R u ]N +1 +
Cu

P N
j =0 [I � PL R u ]j

As N ! 1 �un ! Cu R � 1
u P � 1

L

�r 0 ! � Cu R � 1
u

�x ! C x � Cu R � 1
u R x

Convergence independent of
starting �ow-�eld adjoint

�uN +1 = Cu R � 1
u P � 1

L gives
convergence in 1 iteration

Design optimisation - Hot-Start ad-
joint calculation from previous solu-
tion.
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Forward Sensitivities [SF03]

ONERA M6 wing M = 0:5 and � = 5 o on 753 point mesh.

Method forward sensitivities
CPU(@c)
CPU(c)

@cL =@� @cD =@� @MY =@�
AD(fwd) 4:8460 :82895 � 35:575 3.1
AD(fwd) - rotation 4:8459 :82896 � 35:574 2.9

@cL =@M @cD =@M @MY =@M
AD(fwd) � 23:027 2:3371 230:50 7.7

Freestream velocity set as (u1 ; v1 ; w1 ) = U1 (cos(� ); sin(� ); 0)

AD(fwd) set d
d� (u1 ; v1 ; w1 ) = U1 (� sin(� ); cos(� ); 0):

AD(fwd) rotation set d
d� (u1 ; v1 ; w1 ) = U1 (0; 0; 0); and rotate

mesh derivatives, d
d� (x; y; z) = ( � y; x; 0) - validates

derivatives w.r.t. mesh
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(Mechanical) Adjoint Sensitivities

ONERA M6 wing M = 0:5 and � = 5 o on 753 point mesh.
Method adjoint sensitivities initial

CPU(@c)
CPU(c)

optimized
CPU(@c)
CPU(c)

@cL =@� @cL =@M
AD(rev) 4:8470 � 23:045 55.5
AD(rev) - rotation 4:8459 � 23:045 55.6

@cD =@� @cD =@M
AD(rev) :82905 2:3353 57.3
AD(rev) - rotation :82895 2:3353 57.4

@MY =@� @MY =@M
AD(rev) � 35:583 230:57 56.4
AD(rev) - rotation � 35:574 230:57 56.4
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Optimising the Adjoint Code
Use gprof to �nd expensive (taping) routines
Residual assembly loops
do edge=1,N

il=vertex1(edge); i2=vertex2(edge)
call flux(u(i1),u(i2),f)
residual(i1)=residual(i1)+f
residual(i2)=residual(i2)-f

enddo
Hand-code the adjoint [CDKH03]
do edge=N,1-1

il=vertex1(edge); i2=vertex2(edge)
f ad=residual ad(i1)-residual ad(i2)
call flux ad(u(i1),u(i2),f,

& u ad(i1),u ad(i2),f ad)
enddo
Within bottom-level �ux routines use taping to local variab les
(syntax reversal) instead of LIFO stack (�ow reversal).

Made time-step (CFL condition) inactive
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(Mechanical) Adjoint Sensitivities

ONERA M6 wing M = 0:5 and � = 5 o on 753 point mesh.
Method adjoint sensitivities initial

CPU(@c)
CPU(c)

optimized
CPU(@c)
CPU(c)

@cL =@� @cL =@M
AD(rev) 4:8470 � 23:045 55.5 10.8
AD(rev) - rotation 4:8459 � 23:045 55.6 10.9

@cD =@� @cD =@M
AD(rev) :82905 2:3353 57.3 11.2
AD(rev) - rotation :82895 2:3353 57.4 11.2

@MY =@� @MY =@M
AD(rev) � 35:583 230:57 56.4 11.0
AD(rev) - rotation � 35:574 230:57 56.4 11.0

An Adjoint Solver for an Industrial CFD Code via Automatic Differentiation – p.17/20



ONERA M6 on 14,148 point Mesh
Christianson Adjoint

Method adjoint sensitivities
CPU(@c)
CPU(c)

@cL =@� @cL =@M
AD(rev) :065541 :86985 8.7
AD(rev) - rotation :065541 :86985 8.7

@cD =@� @cD =@M
AD(rev) :011285 :15079 5.6
AD(rev) - rotation :011285 :15079 5.6

@MY =@� @MY =@M
AD(rev) � :033658 � :59399 8.1
AD(rev) - rotation � :033658 � :59399 8.1

42,444 mesh derivatives for a dependent cL , cD or M Y in less than

10 times the CPU of the original nonlinear solve!
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Conclusions
Developed adjoint CFD solver to facilitate gradient-based
design optimisation for aircraft wings.

Adjoint solver obtained by extracting CFD solver's main loop
body followed by adjoint differentiation with Odyssée.

Adjoint solver performance improved by a factor of 5 by
hand-coding independent loops and using local arrays for
tape storage in bottom-level routines.

Subtle changes to the coding of the adjoint solver loop
recover Christianson's adjoint procedure more suited to
optimisation.

Next step is to couple with optimiser and mesh generator.

Also will remove volume mesh sensitivities [BV00]

Maintainability - adjoint obtained automatically via
makefile s and sed clean-ups - already one update
performed by BAE SYSTEMS.
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Next UK AD Workshop at
University of Hertfordshire

4th=5th November 2004
http://www.rmcs.cranfield.ac.uk/amorg
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