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Summary . In previous work [TOMS, 2004, 30(3), 266{299], we used Mark owitz-

like heuristics aiming to nd elimination sequencesthat minimise the number of
oating-p oint operations (ops) for vertex elimination Jacobian code. We also used
the depth-rst traversal algorithm to reorder the statements of the Jacobian code
with the aim of reducing the number of memory accessesln this work, we study the

e ects of reducing ops or memory accessesvithin the vertex elimination algorithm

for Jacobian calculation. On RISC processors,we obserned that for data residing in

registers, the number of ops givesa good estimate of the execution time, while for

out-of-register data, the execution time is dominated by the time for memory access
operations. We also presert a statement reordering scheme based on a greedy-list

scheduling algorithm using ranking functions. This statement reordering will enable
usto trade-o the exploitation of the instruction level parallelism of such processors
with the reduction in memory accesses.

Key words: vertex elimination, Jacobianaccunulation, performanceanaly-
sis, statemert reordering, greedy-list scheduling algorithms

1.1 Intro duction

Many scierti c applications require the rst derivatives (at least) of a func-
ton f : x 2 R" 71 y 2 R™ represeried by computer code. This can be
obtained using automatic di erentiation (AD)[1, 2]. We assumethe function
code hasno loopsor branches;alternativ ely, our work appliesto hasic blocks of
more complicated code. From the program, we build up the data dependence
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graph (DDG), or computational graph, of the function f asa Directed Acyclic

Graph (dag) G=(V;E), with vertex-setV and edge-setE. A vertex v; rep-
reserts a oating-p oint assignmen of the original code; an edge(v;;vi) 2 E

represerts the data dependencerelationship v;  v; meaningv; appearson
the right hand side of the assignmen that computesyv;. Logically, E and the
relation  arethe same.Code may cortain overwrites of variables; we assume
these removed by converting to Static Single Assignmen form [3], so that

a variable may be identied with the statemert that computesit. We have
jVji=n+p+m=N where n; p;m are respectively the number of independen,

intermediate and dependert vertices. We “linearise' G by labelling its edges
with local partial derivatives.Finally, we eliminate, in someorder termed the
elimination sequenceall intermediate verticessothat G is renderedbipartite.

This process,the vertex elimination approach, can be found in [2, 4, 5, 6].

As shown in [2, 4], the linearisedgraph G canbeviewedasanN N sparse
lower triangular matrix C=(c; ) and C |y is called the extendel Jacobian.
The JacobianJ can be obtained by solving a sparse,triangular linear system
with coe cien t matrix C |y using someform of Gaussianelimination.

Since p, the number of intermediate vertices, tends to be large even in
medium-sized applications, the performance of the vertex elimination algo-
rithm can be degradedby Il-in. The oating point operations ( ops) per-
formed, and the Il-in, are determined by the elimination sequenceThe ques-
tion onewould ideally like to answer is \Whic h elimination sequencegivesthe
fastest code on a particular platform?". As a platform-independert approxi-
mation to this problem one may ask \Whic h elimination sequenceminimises
ll-in [respectively op-count]?". For a sparsesymmetric positive de nite sys-
tem of linear equations, the Il-in problem is NP-complete [7] and it is sus-
pected the sameholds for our problem. Therefore, in practice a near-optimal
sequencemust be found by someheuristic algorithm. Our premissis that such
sequencesllow us to generatefaster Jacobian code.

Goededer and Hoisie [8] report that performanceof numerically intensive
codeson many processorsis a low percertage of nominal peak performance.
There is a gap betweenCPU performancegrowth (around 55% per year) and
memory performancegrowth (about 7% per year) [9].

To enhance performance, it would appear crucial to keep the memory
trac low. In this paper, we study two aspects of the vertex elimination al-
gorithm. First, we study how the number of oating point operations in the
Jacobian code relates to its performance on various platforms. Second,we
study how reordering the statemerts of the Jacobian code a ects memory
accessesand register usage.For these purposes,we generatedJacobian codes
using Markowitz-lik e strategies and statemert reordering and inspected the
assenbler from di erent processorsand compilers. We studied how the exe-
cution time is a ected by the number of ops, and amount of memory tra c
(loads and stores). We obsened:
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A reordering of the Jacobian code's statemerts can improve its perfor-
manceby a signi cant percertage when this reducesthe memory tra c.
For in-register data, the execution time is dominated by the number of
oating point operations and a reduction of oating point operations gave
further performanceimprovemer.

For out-of-register data, the execution time is dominated by the number
of load and store operations and a reordering that reducedthese memory
accesoperations enhancesJacobian code performance.

Similar behaviour is found in performanceanalysis of other numerical codes,
seefor example [8]. This paper presens the argumert in the context of se-
mantic augmertation of numerical codesasis carried out in AD of computer
programs. We also describe planned work to improve performance of Jaco-
bian code, producedby vertex elimination, by reordering the statemerts using
standard instruction sdeduling algorithms.

1.2 Heuristics

Solving large linear systemsby Gaussianelimination can be prohibitiv e due to
the amourt of ll-in. As said above, heuristic approximate solutions are used
to the NP-complete problem of nding an elimination ordering to minimise
[l-in. Over the past four decadesseweral heuristics aimed at producing low-
Il orderingshave beeninvestigated. Thesealgorithms have the desirede ects
of reducing work aswell. The most widely usedare nestal dissection [10, 11]
and minimum degree: the latter, originating with the Markowitz methad [12],
is for example studied in [13].

Nested dissection, rst proposedin [11], is a recursive algorithm which
starts by nding a balanced semrator. A balanced separator is a set of ver-
tices that when removed partition the graph into two or more componerts,
ead composed of vertices whoseelimination doesnot create Il-in in any of
the other componerts. Then the vertices of each componert are ordered, fol-
lowed by the verticesin the separator. Unlik e nesteddissectionthat examines
the entire graph beforereordering it, the minimum degreeor Mark owitz-lik e
algorithms tend to perform local optimisations. At ead elimination step, such
amethod selectsa vertex with minimum costor degree eliminatesit and looks
for the next vertex with the smallestcostin the new graph.

As described in [4, 14], we built up the linearised computational graph in
the following two ways:

1. Statemert Level (SL) in which local derivatives are computed for ead
statemert, no matter how complexits right-hand side.

2. Code List (CL) in which local derivativesare computed for eact statemert
after the code has rst beenrewritten sothat ead statemert performsa
single unary or binary operation.

Then, we applied the following heuristics [4, 5] to the resulting graphs:
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Forward (F): where intermediate vertices are eliminated in forward order.
Reverse(R): whereintermediate vertices are eliminated in reverseorder.
Markowitz (M): at eadh elimination stagea vertex v; of smallestMark owitz
cost is eliminated. This cost is de ned as the product of the number of
predecessorsfv; times the number of its successorén the current, partly
eliminated, graph .

VLR (V): asMarkowitz but using the VLR cost function de ned by

VLR (vj) = mark(v;) bias(v;);

with bias(vj) a xed value for v;, namely the product of the number of
independert verticesand the number of dependert verticesthat v; is con-
nectedto.

Any of the above with Pre-elimination (P): vertices with single successor
are eliminated rst and then one of Forward, Reverse,Markowitz or VLR
order is applied to those remaining.

We also used a Depth-First Traversal (DFT) algorithm [14] to reorder state-
merts of the obtained Jacobian code, without altering dependenciesbetween
statemerts, in the hope of further performanceimprovemert.

1.3 Performance Analysis

We consider two of the test problems reported in [4]: the Human Heart
Dipole (HHD) from the Minpack 2 test suite [15] and the Roe ux cal-
culation (ROE) [16]. These routines were di erentiated using the AD tool
EliIAD [4, 14] using the heuristics listed in Section 1.2. All the Jacobian
codeswere compiled on di erent platforms with maximum optimisation level,
and run for a number of times carefully calculated for each platform [4].

To assesghe performanceof the ElIAD generatedJacobians,we studied
the assenbler from di erent platforms, courting the number of loads, stores
and ops (L', 'S'and ‘Flops' in the tables) after compiler's optimisations.

Table 1.1 shows the results of our study from the SUN Ultra 10 processor
with 440 MHz, 32 KB L1 cadche, 2 MB L2 cade, and using the Workshop
f90 6.0 Compiler. The obsenedtime Obs-Time is the CPU time obtained by
averaging a certain number of evaluations and runs, see[4] for details.

Table 1.2 shows someruntime predictions using a very simple model ap-
proximating the runtime via the memory accesscount and the ops court.
This approximate model estimatesthe following quartities: Tg, the time taken
by the oating point operations

Flops :
T = ———— cycletime latenc 1.1
F ops rate 4 y (1.1)

and Ty , the time taken by memory accessoperations
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Table 1.1. Performancedata for the HHD and the Roe ux test caseson the Ultral0
platform, Obs-Time in s

HHD ROE
Tednique Obs-Time Flops L+S| Obs-Time Flops L+S
SL-F 0.77 150 179 11.38 1732 2489
SL-R 0.79 148 188 7.26 1432 1600
CL-F 0.73 150 184 16.57 1843 3406
CL-R 0.80 148 201 6.98 1496 1655
SL-P-F 0.83 172 205 6.64 1580 1718
SL-P-R 0.73 172 182 6.11 1382 1626
CL-P-F 0.72 150 174 6.24 1580 1662
CL-P-R 0.71 148 182 5.81 1382 1609
SL-P-F-DFT 0.78 168 214 7.49 1584 1855
SL-P-R-DFT 0.66 164 180 5.73 1382 1466
CL-P-F-DFT 0.80 168 200 7.42 1587 1923
CL-P-R-DFT 0.66 164 167 5.84 1387 1305
SL-P-M 0.69 150 181 6.91 1524 1803
SL-P-M 0.83 168 214 571 1365 1507
CL-P-V 0.69 150 181 7.40 1524 1824
CL-P-V 0.83 168 214 6.17 1364 1503
SL-P-M-DFT 0.73 150 184 8.03 1529 1958
SL-P-V-DFT 0.80 168 200 6.19 1366 1375
CL-P-M-DFT 0.73 150 184 7.58 1532 1945
CL-P-V-DFT 0.80 168 200 5.59 1369 1362
Tm = (L+S) cycletime latency: 1.2)

memory accessate

The Ultra 10 processorcan perform up to 2 ops per cycle (its ops rate is
2) with a latency of 3 cyclesand 1 load or 1 store (its memory accesgate is
1) with a latency of 2 cycles,and usesin-order execution [8] of instructions.
In Table 1.2, werepresen the performancemeasuresfor a sampleof meth-
ods shown in Table 1.1. The column "Nom. ops' is the nominal ops count
obtained from the sourcetext. This table illustrates the following obsenations:

A small reduction of ops count doesnot necessarilyimply a reduction of
the actual runtime Obs-time.

Twm tendsto be a better estimate of Obs-time than is Tg.

The statemert reordering improved performancewhenit reducedthe num-
ber of memory accesses.

Theseresults have led us to believe that the runtime is more correlated
with the memory accessegloads and stores) than with the ops count. To
further investigate this, we performed a linear regressionanalysis using the
regress function of MATLAB statistics toolbox [17]. For both test casesin
Table 1.1, we form the linear model:

T=aX + b+ (1.3)
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Table 1.2. A sample of methods applied to Roe ux on the Ultra 10 (timings in
s)

Tedhnique Nom. ops Flops L+S T¢ Tm Obs-time
SL-P-V-DFT 1462 1366 1375 4.65 6.26 6.19
CL-P-V-DFT 1578 1369 1362 4.68 6.20 5.59
CL-P-F 1742 1580 1662 5.40 7.56 6.24
CL-P-F-DFT 1742 1587 1923 5.40 8.74 7.42
SL-P-R 1505 1382 1626 4.71 7.40 6.11
SL-P-R-DFT 1505 1382 1466 4.71 6.66 5.73

in which X represerts the vector of ops or memory accesse¢loads + stores),
b a constart vector, a residual vector and a a vector of parameters. Ta-
ble 1.3 shaws the “explained variabilit y' that is one of the statistics returned
by regress , and the norm of the residual from the regression.

Table 1.3. MATLAB's regress results of the regressionanalysis of data of Table 1.1

Model variability Kk ko
T = ayFlops+ by + 1 0.87 8.7
T=al+S) +hp+ 2 0.99 3.2

The ops explain about 87% of the variability in the obsened time T,
whereasthe loads and stores explain about 99%. Furthermore, the (loads
and stores) model has a better residual comparedto the ops model. It is
important to reducethe ops court in numerical calculations but it is even
more crucial to minimise memory trac. These experiments suggestconsid-
eration of code reordering techniques, data structures, and other optimisation
techniquesthat reducethe amount of memory accesse# we aim to generate
e cien t derivative code even for medium-sizedapplications.

1.4 A Statement Reordering Scheme

In [4, 14], we useda Statemert Reordering Algorithm (SRA) basedon G, the
DDG of the statemerts of the derivative code. By depth rst traversal, for
ead statemert s it tries to placethe statemerts on which s depends, closeto
s. It washoped this would speedup the code by letting the compiler perform
better register usagesince, in our test cases,cathe misseswere shovn not
to be a problem [14]. The bene ts were inconsistert, probably becausethis
doesnot accourt for the instruction level parallelism of modern cadhe-based
machines and the latencies of certain instructions.

In this work, we plan to encouragethe compiler to exploit instruction level
parallelism and use registers better, by a SRA that givespriority to certain
statemerts via a ranking function. The compiler's instruction scheduling and
register allocation work on a dependencygraph G®°whosevertices are machine
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code instructions. We have no knowledgeof G° sowe work on the DDG G°on
the premissthat our “preliminary’ optimisation will help the compiler generate
optimised machine code. In the next sections, we shall use the instruction
scheduling approach usedin for instance [18], and the ranking function ideas
of [19, 20, 21, 22] on a simple virtual processor.

1.4.1 The Pro cessor Mo del

We consider the following simple model of a superscalar machine, similar to
that of [23]. It has an unlimited number of oating-p oint (and other) ‘regis-
ters'. It has one pipelined functional unit (FU) that can perform any scalar
assignmeit-statement in our code, however complicated, in 2 clock cycles,in-
cluding loading any number of operandsfrom registers,computing, and storing
the result in a register. An assignmeit-statement that doesno processing(a
simple copy) is assumedto take 1 cycle. A statemert can be issuedto the
FU at ead cycle, however data dependenciesmay “stall' it: e.g. if the code
c=a*b; d=a+cis begunat time t = 0, we cannot issuethe secondstatemert
at t = 1 becausec is not yet available.

We dewelop an algorithm that, within this model, tries to remove stalling
by re-ordering code statemerts. Coarse-grainedthough the model is, we hope
it imitates enoughrelevant behaviour of current superscalararchitectures, to
produce re-orderingsthat give speedupin practice.

1.4.2 The Deriv ative Code and its Evaluation

Since the original code was assumedbranch- and loop-free the sameis true
of the derivative code. It includes original statemerts v; of f's code as well
as statemerts to compute the local derivativesc; that are the nonzerosof
the extended Jacobian C before elimination. But the bulk of it is elimination
statements As originally de ned in [6], thesetake the basicforms c; = Ci C;
or ¢; = Gj + CkC,;, and typically a ¢; position is “hit'" (updated) more
than once,needingnon-trivial renaming of variablesto put it into the needed
single-assignmen form.

Though not strictly necessarywe assumethe VE processhasbeenrewrit-
ten in “onehit' form, e.g. by the inner product approadc of [24]. That is, that
ead ¢;j occurring |5 it is givenits nal valuein asinglestatemert, of the form
either ¢j g= ¢ + 2k GkG; if updating an original elemenary derivative,
orcj := .,k CikC if creating ll-in. HereK isasetof indicesthat depends
oni; j and on the elimination order used,and cﬁ-’ standsfor an expressionthat
computesthe elemerary derivative, @;=@; . The result is that the derivative
code is automatically in single-assignmet form.

Its graph G°= (V% 9 | whereVis the set of statemerts and © the
data dependencerelationship | is a dag. A schelule for G° assignsto eadh
statemert (denoteds in this section) a start-time in clock-cycle units, respect-
ing data dependenciessubject to the constraints of our processormodel. It is
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a one-to-one(as the FU only doesone statemert at a time) mapping of V °to
the integersf0;1;2; g. Write t(s) for the executiontime of s (1 or 2 in our
model). Then to respect dependenciesit is necessaryand su cien t that:

S1 S ) (Sl) + t(Sl) (Sz)Z (1.4)
for s; and s; in V° The completion time of is
T( )= maxf (s)+ t(s)g: (1.5)
s2Vvo

Our aimisto nd to minimise the quarntity T( ) subject to (1.4). This
optimisation problem is NP-hard [18, 25].

1.4.3 The DDG of the deriv ativ e code

The classical way of constructing the derivative code's DDG would be to

parse the code, build up an abstract represeration and deducethe depen-

dencesbetweenall statemerts, seefor instance [26, 25]. Sincederivative code

is generatedfrom function-code, its DDG can be constructed more easily by

using data that is available during code generation. We omit details here.
Consider the code fragmert of Fig. 1.1. A code fragment

Fig. 1.1. Its computational graph is

represerted by the dag G on the left zo ! - i;
of Fig. 1.2, with, on the right, the vi = sin(vo)
extra edgesproduced on eliminat- Vo, =V V1
ing the intermediates v; and v, in Va =V 1Vo
that order. Va = pv—

4 1

Fig. 1.2. Graph augmertation process:eliminated vertices are kept and Il-in is
represerted by dashed arrows

3 . ¥
6
H HC32 u \H HC32 cu
H Hu H Hu !
2 \ 2 /
% )
N \ ! cq0
@ul \ G20\ @ul !
C3; 1 6 C3; 1 N VG /
C10 N //
Ca \ \
C2; 1 C2; 1 W |/
u 1 Uo u 1 0
(a) Original computational graph (b) Augmented computational graph

The left of Figure 1.3 shaws derivative code from Figure 1.1, with a some-
what arbitrary order of the statemerts respecting dependencies.Note one
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Fig. 1.3. The data dependencegraph G° of the derivative code from the original
dag G on the left of Fig. 1.2

1. vi=X
2 v01: le &3 Ug U&]_ uis 3
3 =1 C Q l@\ %
4: Co: 1:. 1 . C (QQ I.A‘A. . f.‘A. -1 c -
5: vy = sin(vo) C Q D A A C
6: C10 = coqVv
= o) € un QQ°U7 1280 g u € 2
7. V2=Vp \FI) 1 C C
8 cu = 1=2P W) c vaf % ¢
9 Vi= Vv 1vp o 0C .0 Q. As1. . . 1@ %
10: €2 =V 1 C Q A @
_ C RoA @cC
11: va= "1 @ Q @ 1
12: Cx0 = C21C10 10 0 5 Qu 6
13: C3; 1= V2 + C32C 1 lﬁ‘ %
14: C30 = C32C20 . ,(jA 0- - - 0 - @ ..
15! C40 = Cs1C10 AA @@ 0
Uy Aul us @U2 0

statemert, #13, that combinescomputation of an elemenary derivative with
elimination. On the right is its DDG, which can be constructed directly from
the elimination order and the original graph on the left of Fig. 1.2. (It could
be made smaller by propagating the constart valuesc,. 1 and c;;.) Edgesout
of statemert s are labelled by the value (t(s) 1), i.e. 0 or 1 represerting the
time delay imposedby s, in our processormodel.

The depth- rst traversal approach of [4, 14] gave the following schedule:

1 [2[5] [8]6] [15[3[12[1[10[L47[4[L311[9] |

1 contains 2 idle cyclesand takes 18 cyclesto complete including a cycle at
the end: T( 1) = 18.In Sect. 1.5, we produce a schedule that takes16 cycles,
the minimum possible. This new schedule combines the depth- rst traversal
property and the instruction level parallelism of pipelined processorsvia a
ranking function.

1.5 A Greedy List Scheduling Algorithm

We use a greedy list scheduling algorithm as investigated in [21, 23]. We
rst preprocessthe DDG GPto compute a ranking function that de nes the
relativ e priorit y of ead vertex. Then a modi cation of the labelling algorithm
of [23, 27] is usedto iterativ ely schedule the vertices of G°.

Our ranking function usesthe assumptionthat operations with more suc-
cessorsand which are located in a longer path should be given priorit y, being
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likely to executewith a minimum delay and to a ect more operations in the
rest of the schedule. We use the functions height(v); depth(v) de ned to be
the length of the longest path from v to an input (minimal) vertex and to an
output (maximal) vertex respectively. height(v) is de ned by

1. for eadh input (minimal) vertex v, height(v) = 0;
2. for ead other v 2 V9 height(v) = 1+ maxf height(w); for all w  vg.

depth(v) is de ned in the obvious dual way. For a vertex v 2 V°we de ne the
ranking function by

rank(v) = a depth(v) + b succ{): (1.6)

where succfv) is the number of successor®f v and a; b weights chosenon the
basisof experiment. For b= 0, we recover the SRA using depth- rst traversal
asin [4, 14]. By combining the valuesdepth(v) and succf{), we aim to trade
0 betweenexploiting instruction level parallelism of modern processorsand
minimising register pressure.

The preprocessingphaseof our algorithm is as follows.

1. Compute the heights and depths of the vertices of G°.
2. Compute the ranks of the verticesasin (1.6).

The iterativ e phase of the algorithm scedulesthe vertices of G° in de-
creasingorder of rank. It constructs the mapping de ned in Sect. 1.4.2 by
combining the rank of a vertex and its readinessusing the following rule:

Rule 1
A vertex v is ready to be schaluled if it has no predecessoror if all its prede-
cessorshave already completed.

This ensuresdata on which the vertex v dependsis available whenv is sched-
uled.
Ties betweenvertices are broken using the following rule:

Rule 2
Among vertices of the samerank chase those with the minimum height
Among those of the same height, pick the rst.

The core of the scheduling procedureis as follows:

1. Schedule rst an input vertex v with the highest rank (break ties using
Rule 2). That is, settime = 0and (v) =

2. For > 0, let v be the last vertex that was scheduled at times <
a) Extract from the setof sofar unscheduledvertices,the setA asfollows:

S(v) =fw:w vg

If S(v) is nonempty, set

B (v) = fu: height(u) < maxf height(w) for w 2 S(v)gg;
A =SV [ B(v);

Otherwise
A = the set of remaining vertices
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b) Extract from A, the set of verticesR that are ready to be sdheduled.
c) If R is empty, do nothing (a no-op at this cycle). Otherwise, choose
from R a vertex v with maximum rank (break ties by Rule 2), and set
V)= .
d) Set = + 1.
3. Repeat step 2 until all vertices are scheduled.

We can easily ched that this algorithm determinesa schedule that satis es
(1.4), thus preservingthe data dependencesbetweenvertices of the graph.

Let usapply this algorithm to the DDG of Fig. 1.3to geta schedule ,. We
rst compute the height, depth and rank of eat vertex using the coe cien ts
a=b=1:

vertex 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
heigtf 0 0 0 0 1 1 2 2 3 1 2 2 3 3 3
depth 2 3 2 1 2 2 110 1 0 1 0 0 O
succ | 3 211322102 0 1 0 0 O
rank 5532543203 0 2 0 0 O

To label the dag of Fig. 1.3, the algorithm starts with the input vertices and
assigns (1) = 1. Next it forms the setA = 2;3;4;5;6;7;8;9; 10; 11; 129 of
available statemerts, and the setR = f2; 3;4; 10g of ready statemerts. Using
the ranking list, it assigns »(2) = 2; etc. The result of this algorithm for the
dag of Fig. 1.3 is the following optimal sdhedule without idle cycles:

2 ¢ [1[2[5[6[10[3[4[7[12[8[11[13[9[14]1F] |

We obsene that the completion time T( ») = 16, better than T( ;). The
complexity of this labelling algorithm, which is similar to that of [23, 27] for
a dag with n vertices and e edges,was initially proved to be O(n?) [23, 27]
and can be implemented in O(n + €) asshown in [2§].

1.6 Conclusions and Further Work

We have presened a detailed performance analysis of Jacobian calculations
using the vertex elimination algorithm. We have shown that for even medium-
sized numerical applications the execution time is very much correlated with
the memory accesseshan with the number of oating point operations. We
pointed out that though the vertex elimination algorithm reducedthe number
of oating point operations, it should be coupled with instruction scheduling
heuristics to enable exploitation of the superscalarnature of modern proces-
sorsso asto maximise the performanceof the derivative code.

For that purpose,we described a statemert reordering scheme basedon
a ranking function. We plan to implement it and test it using medium-sized
problems on a range of superscalar processors We may also look at ways of
combining the two objectivesof reducing ops and memory accessef a single
objective function.
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