Robust Aircraft Conceptual Design using
Automatic Differentiation in Matlab

Mattia Padulo!, Shaun A. Forth?, and Marin D. Guenov'!

Abstract The need for robust optimisation in aircraft conceptual design, for which
the design parameters are assumed stochastic, is introduced. We highlight two ap-
proaches, first-order method of moments and Sigma-Point reduced quadrature, to
estimate the mean and variance of the design’s outputs. The method of moments re-
quires the design model’s differentiation and here, since the model is implemented
in Matlab, is performed using the AD tool MAD. Gradient-based constrained opti-
misation of the stochastic model is shown to be more efficient using AD-obtained
gradients than finite-differencing. A post-optimality analysis, performed using AD-
enabled third-order method of moments and Monte-Carlo analysis, confirms the
attractiveness of the Sigma-Point technique for uncertainty propagation.
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1 Introduction

In the conceptual phase of aeronautical design low fidelity models are used to pre-
dict an aircraft’s performance from a moderate number of design parameters. For
example, given thrust-to-weight ratio and wing loading, critical design requirements
such as approach speed, rate of climb and take-off distance may be quantified. Such
considerations also hold for major aircraft subsystems, e.g., estimation of engine
performance from parameters such as turbine entry temperature, overall pressure
ratio and bypass ratio [17].
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The conceptual model is then optimised, typically a constrained multi-objective
optimisation, giving an aircraft configuration used to initiate detailed design pro-
cesses such as geometric design via a CAD model leading to computationally (or
experimentally) expensive analyses of structural, aerodynamic, propulsive and con-
trol aspects. These analyses may indicate inadequacies in the conceptual design
leading to its change and repeated design iterations until a suitable design is found.

To minimize nugatory cycling between conceptual and detailed design analyses
there has been much interest in seeking designs whose performance is relatively in-
sensitive to downstream changes. This reduces the likelihood of requiring any large
scale design changes when the detailed analysis is performed [3]. Such robust de-
sign involves modelling the design parameters as taken from statistical distributions.
Thus, accounting for robustness increases the complexity of the original determin-
istic problem. In the general context of nonlinear optimisation, if we assume that
the design task is to minimise some deterministic objective (e.g., fuel consumption)
subject to multiple deterministic constraints (e.g., maximum wing span, range, ... )
then one assumes the design parameters are taken from known independent statis-
tical distributions and then classically performs the estimation of the means and
variances of the objective and constraints. Then a robust objective and constraints
are formed which favour designs with: low objective value, small objective standard
deviation, and a high likelihood of satisfying the deterministic constraints. This ro-
bust optimisation problem is then solved numerically [12].

Others have stressed the improvements Automatic Differentiation (AD) confers
on the accuracy and the efficiency of Engineering Design and its robust extensions,
but focused on Fortran- and C/C++ coded applications [1, 2, 15]. Here we demon-
strate some of the benefits AD gives to robust optimisation for aircraft conceptual
design of an industrially relevant aircraft sizing test case implemented in Matlab.
Section 2 presents two strategies to uncertainty estimation considered for our sizing
problem. Section 3 presents extensions to the MAD package [5] to facilitate these
strategies. The test case and results of the robust optimisation are presented, together
with a post-optimality analysis, in Sect. 4. Section 5 concludes.

2 Robust Design Optimization

We assume that the conceptual design analyses are performed by functions f(x)
and g;(x), i = 1,2,...,r, where x € R" is the vector of the design variables. The
deterministic design optimization problem is hence formulated as follows:

min f(x) such that: g;(x) <0,i=1,2,...,r, x, <X Xxy. €))
X

To ensure design robustness, the components of x are assumed to be stochastic
and taken from known independent probability distributions with mean E, and vari-
ance V,, so rendering the objective and constraints stochastic. The robust attribute
of the objective function is achieved by simultaneously minimizing its variance Vy
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and its expectation E, aggregated in a suitable robust objective F(Ef(x),V(x)),
with respect to the mean of the input variables. Robustness of the constraints, each
distributed with mean Eg; and variance Vj,, is sought by ensuring their probabilis-
tic satisfaction via robust constraint functions G;(E,, (xX), Vg, (x)). The range of the
independent variables is also defined probabilistically. Hence (1) becomes:

nl}:inF (E¢(x),V¢(x)), such that:

Gi(Ey (%), V(X)) <0,i = 1,2,
P(XL <E, < XU) 2 Phounds>

where Ppounas 1 the prescribed probability with which the mean of the design vari-
ables belongs to the original deterministic range. If all variables are continuous, the
mean and variance of f(x) are given by:

+oo Foo
Ex) = [ fOp(Odtand Vyx) = [ [F(0) ~ E; 0P pa(0at,
in which py is the joint probability function corresponding to the input variables’
distributions. Unfortunately, a closed-form expression for these integrals exists for
few cases of practical interest. Their numerical approximation involves a fundamen-
tal trade-off between computational cost and accuracy of the estimated statistical
moments. Existing approaches to perform such a task, also termed uncertainty prop-
agation, include Monte Carlo methods [7, 16], Taylor-based method of moments
[13, 9, 4, 14], polynomial chaos expansions [18] and quadrature-based techniques
[8, 11]. Two of those methods are considered to be adequate for the purpose of the
present study, namely the first order method of moments (IMM) and the Sigma-
Point method (SP).

2.1 Considered Uncertainty Propagation Methods

In the Taylor-based method of moments, the statistical moments of the system re-
sponse are estimated from the moments of a truncated Taylor series expansion of
f(x) about the mean of the input variables. In particular, by using a third order ap-
proximation (IIIMM hereafter), mean Ep, ., and variance V.., are given by, in the
case of symmetric independent variables (with similar expressions for Eg, and V,,):

my

my —N—
~— 1 82
Efi = F(Ed)+5 X (aé) Vi, +O(V3), @)
P

p=l1
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where K, is the kurtosis of the input variable x,. The first order method of mo-
ments (IMM) approximations Ey,,. and V¢ to the mean and variance respectively
are obtained by retaining only terms m; and v;. Note that optimisation involving
an objective based on IMM requires calculation of the derivatives of f(x) and, if
gradient-based methods are to be employed, f’s second derivatives.

The Sigma-Point technique [11], relies on a specific kind of reduced numerical
quadrature, and gives approximations to the mean and variance respectively by,

n

EfSP = Wof(X()) + Z Wp[f("p*) +f(xp*)]7 4

p
Wy = 2W2) (1%, + F (%) =2 (x0)]*} )

In (4) and (5), the sampling points are:

X0 =E,, andx,+ = E,+ mep; (6)

e, is the p’h column of the n x n identity matrix. The weights in (4) and (5) are:

LS| 1
Wo=1—-) —andW,=_——.
0 p; K., 772K,

The SP technique has a higher accuracy for the mean than IMM [11], and requires
2n+ 1 function evaluations for each analysis. In contrast to the IMM method, ob-
jectives based on the SP approximations to the mean and variance do not require the
derivatives of f. For gradient-based optimisation a combination of the gradients of
f for the sampling points (6) yields the gradients of mean and variance.
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3 Automatic Differentiation of the Conceptual Design Package

Unlike the Fortran or C/C++ coded design optimisation problems previously treated
using AD [2, 1, 15], the aircraft conceptual design package considered was written
in Matlab. The MAD package was therefore adopted due to its robust and efficient
implementation [5]. MAD’s fmad and derivvec classes facilitate forward mode
AD for first derivatives geared toward Matlab’s array-based arithmetic and both
classes use only high-level array operations leading to good efficiency.

Objects of fmad class posses value and deriv components which store an
object’s value and derivative respectively. Then, for example, fmad objects x and

v have element-wise product z = x.*y with z’s components determined by,
z.value = x.value.xy.value;
z.deriv = x.value.xy.deriv + y.value.*x.deriv;

Other arithmetic operations are evaluated in a similar manner. If we are deter-
mining a single directional derivative then all derivative components (x.deriv,
y .deriv, etc.) are of Matlab’s intrinsic class double with the same array dimen-
sions as their corresponding value components (x.value, y.value, etc.). For
multiple directional derivatives the derivvec class is utilised.

The derivvec class stores multiple directional derivatives as a single object
manipulated, via overloaded arithmetic, as one would a single directional deriva-
tive. An fmad object whose value component is of dimensions n X m and which
has d directional derivatives has its derivative component stored within its now
derivvec class deriv component as an nm X d matrix. Element-wise multipli-
cation and addition operators, amongst others, are defined for the derivvec class
to allow the fmad class’s operations to evaluate without modification.

There were two requirements for this conceptual design problem that necessi-
tated extensions to the MAD package. Firstly, we required second derivatives to
evaluate the IMM method’s objective and constraint gradients and third derivatives
for the associated post-optimality analysis. Secondly, the AD should differentiate
the Newton-based fsolve function of Matlab’s Optimisation Toolbox [10] used
for the solution of nonlinear equation.

3.1 Calculating Higher Derivatives

We adopted the expedient strategy of rendering MAD’s fmad and derivvec
classes self-differentiable to allow a forward-over-forward(-over-forward. . .) differ-
entiation strategy for higher derivatives. For the relatively low number of indepen-
dent variables and low derivative orders required, other strategies such as forward-
over-reverse and Taylor-series [6, Chaps. 4 and 10] were not considered worthwhile.

Under the self-differentiation approach, objects of the derivvec class con-
tain derivative components that themselves must be differentiated to enable higher
derivatives to be calculated. To enable this the source code line,
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superiorto (/! fmad’)

was added to the derivvec class constructor function to specify, via the in-
trinsic superiorto, that the derivvec class is superior to the fmad class.
Consequently any operation (e.g., x.value.*y.deriv) involving an fmad ob-
ject whose value component is itself an fmad object (e.g., x.value) and a
derivvec class object (e.g., y.deriv) is dealt with by the appropriate over-
loaded derivvec class operation, and not an fmad class operation. Of course,
within the resulting derivvec operations fmad operations may be required.

It was then possible to calculate all first and second derivatives of say the objec-
tive f (x), with x is vector, by the following sequence of operations:

xfmad = fmad(x,eye(length(x))); % step 1
xfmad2 = fmad(xfmad,eye(length(x))); % step 2
yfmad2 = f(xfmad2); % step 3
y = getvalue (getvalue (yfmad2)); % step 4
Dy = getinternalderivs (getvalue(yfmad2)); % step 5

D2y=getinternalderivs (...
getinternalderivs(yfmad2)); % step 6

with the steps labelled above with via the trailing comment and now detailed.

1. Define an fmad object, x fmad, from x whose derivatives are the identity matrix.

2. Define a second fmad object xfmad2 whose value component is that defined in

step 1, again with derivatives given by the identity matrix.

Evaluate the function.

Extract the value of yfmad2’s value component to obtain y’s value.

5. Extract yfmad?2’s value’s derivative to obtain first derivatives of y. Equivalently
one could extract yfmad2’s derivative’s value.

6. Extract yfmad?2’s derivative’s derivative to obtain second derivatives.

Rl

3.2 Differentiating the Nonlinear Solve of £solve

Within the Matlab implementation of the conceptual design model, some interme-
diate variables, let us denote them w € R”, are found in terms of some predecessor
variables, say v € R”, as the solution of a nonlinear equation of the form,

h(w,v) =0, )

with function h € R? x R?” — R? for some p > 1. Matlab’s £ solve function solves
such equations using a trust-region Newton algorithm [10] making use of h’s Jaco-
bian. Different strategies for differentiating such nonlinear solves are reviewed in [6,
Sect. 11.4]. In the case of w being of fmad class, perhaps containing multiple or-
ders of derivatives, we first solved (7) for the value component of w using a call to
fsolve making use of only v’s value, i.e., we solved the undifferentiated problem
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to the required numerical accuracy. Then to calculate derivatives up to and including
order d we performed d iterations of the Newton iteration,

W W— (j:lv(value(w),value(v))> B h(w,v), 8)

with w and v manipulated as nested fmad objects storing derivatives up to and in-
cluding those of order d, and value(w), value(w) denoting use of only their value
component. This approach only requires the value of the Jacobian matrix dh/dw
and not its higher derivatives. It was implemented in a function fsolveMAD which
itself calls fsolve to solve the undifferentiated problem and may make use of the
fmad class to calculate the Jacobian for its trust-region Newton solve. The poten-
tially more efficient strategy of evaluating only the updated i order derivatives of
w at iteration i of (8) was not investigated because of the small size w € R? in our
test case of Section 4.

4 Aircraft Sizing Test Case

We demonstrate the benefits of using AD in robust optimization of a Matlab-
implemented, industrially relevant, conceptual design test case. This conceptual de-
sign model determines performance and sizing of a short-to-medium range com-
mercial passenger aircraft and makes use of 96 sub-models and 126 variables.

The original deterministic optimization problem is the following:
Objective: Minimize Maximum Take-Off Weight MT OW with respect to the design
variables x (described in Tab. 1 together with their permitted ranges).
Constraints:

Approach speed: v, < 120 Kts = g1 = vqpp — 1205

Take-off field length: TOFL < 2000 m = g, = TOFL —2000;

Percentage of total fuel stored in wing tanks: Kr > 0.75 = g3 =0.75 — KF;
Percentage of sea-level thrust available during cruise: K7 < 1 = g4 = Kr — 1;
Climb speed: v,¢jimp > 500 ft/min = g5 = 500 — v,¢/imp;

Range: R > 5800 Km = g¢ = 5800 —R.

SNk LD =

The problem’s fixed parameters are given in Tab. 2. The corresponding robust prob-
lem is obtained by assuming that the input variables are independent Gaussian vari-

ables with V}/ 2 0.07E,. The robust objective is calculated then as MT OW,qp, =

Eyrow + V]J,/Tzow, while the constraints take the form G;(x) = Eg, (x) + ngll./ 2(x) and

X, + kV;/ 2 <E,<xy-— kV,IC/ 2, with coefficient £k = 1 chosen to enforce constraint
satisfaction with probability of about 84.1%.

We performed two robust optimisations with the first making use of IMM and
the second the SP method to estimate mean and variance. Both optimization prob-
lems were solved using Matlab’s gradient-based constrained optimizer fmincon.
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Table 1 Considered design variables for the deterministic problem.

[Design Variable| Definition [units] |Bounds [min,max]|

s Wing area [m?] [140, 180]

BPR Engine bypass ratio [ ] (5,9]
b Wing span [m] (30, 40]
A Wing sweep [deg] [20, 30]

t/c Wing thickness to chord ratio [ ] [0.07,0.12]

Ty, Engine sea level thrust [kN] [100, 150]

Fw Fuel weight [Kg] [12000, 20000]

Table 2 Fixed parameters.

| Parameter [Value| Parameter  [Value|

Number of passengers| 150 ||Number of engines| 2
Cruise Mach number | 0.75 altitude [ft] 31000

In the IMM optimization, MAD was used to calculate first derivatives of the de-
terministic objective function and constraints required for (3), together with their
second derivatives to form the gradient of the robust objective and constraints. In
the SP-based optimizations, MAD is used to calculate the gradient of objectives and
constraints. Table 3 presents the results of the two optimizations.

Table 3 Results of the robust optimisations.

[Input variablel TMM | SP || Obj/Constr. | IMM | SP |
Eg [m?] 160.843 | 162.558 ||MT OW,,, [Kg]|86023.272|86207.016
Eppr [ ] 8.580 8.580 G [Kts] 0.000 0.000
Ep [m] 37.753 37.753 G, [m] —161.568 | —151.806
E, [deg] 21.531 21.531 G3[] 0.000 0.000
Ey. (] 0.095 | 0.094 Gall ~0.114 | —0.107

Ergu [kN] 122.553 | 123.224 G5 [ft/min] 0.000 0.000
Erw [Kg] |18084.940({18171.282 Gg [Km] 0.000 0.000

A post-optimal analysis was carried out by using MCS (Latin Hypercube with
10* samples) and IIIMM of (2) and (3) to partially validate Tab. 3’s results. In these
analyses, x was represented as a Gaussian random variable centred at the values of
the input variables resulting from the two optimisations, while its variance was that
used for the optimizations. The derivatives needed by the IIIMM estimation meth-
ods were obtained using MAD. The deviation of the IMM and SP results from those
obtained by MCS are shown in Tab. 4. It appears that the SP method can attain an in-
creased accuracy in the mean estimate, and thus benefit design optimisation. Results
from IIIMM analysis at the optimal design points are comparable to those obtained
by the SP method and consequently not shown. However, this case is one for which
cross-derivatives, not modelled by the SP method, are negligible [11]. In fact, the
accuracy of IIIMM estimates is higher than the other considered propagation meth-
ods, and hence [IIMM may be advantageously adopted to reduce the computational
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Table 4 Post-optimality analysis: percentage error on mean and variance estimation of objective
and constraint with respect to MCS.

Mean estimation Variance estimation
Obj./Constr. [IMM Opt. Solution SP Opt. Solution|IMM Opt. Solution SP Opt. Solution
MTOW,,;, [Kgl —0.83x 1074 0.27 x 107° 0.41 0.39
G [Kits] -0.12 0.25x 1073 -0.71 0.24
Gy [m] —0.88 0.17 x 1072 —1.89 —0.31
G3[] —0.86 0.17 x 107! —1.27 —0.48
Gy ] —0.87 0.12x 1072 —2.18 0.17
G5 [ft/min] 1.15 0.10x 1073 0.23 0.73
Gy [Km] 023  —0.11x1072 0.56 0.01

cost of the post-optimality analysis. For the case at hand, the c.p.u. time required to
obtain the derivatives up to third order was about 8 seconds using MAD, which is
about the 0.06% of the time required for the full MCS analysis.

To highlight the performance improvements made possible by AD with respect
to finite differencing, the deterministic optimisation and the two robust optimisa-
tion problems were re-solved using finite differences (FD) for gradient evaluation.
In these cases, the standard fsolve Matlab code was used. Results in terms of
number of optimiser iterations and required c.p.u. time, shown in Tab. 5, support the
conclusion that AD can significantly decrease the computational effort required by
robust optimisation. We note that both robust techniques, IMM and SP, benefit from
AD’s fast and accurate derivatives, with IMM particularly advantaged since use of
FD results in significantly more optimisation steps being required.

Table 5 Performance improvements yielded by AD to the optimisation problems.

SP IMM
Iterations c.p.u. time [s]|Iterations c.p.u. time [s]
AD 10 351 10 45
FD 10 708 24 1212

5 Conclusions

This paper’s results demonstrate the benefits AD may give to robust optimisation for
aircraft conceptual design. In particular, we performed optimisations of an industri-
ally relevant, Matlab-implemented aircraft sizing problem using the AD tool MAD
to facilitate two robust design strategies. The first strategy exploits AD-obtained first
order sensitivities of the original function to approximate the robust objective and
constraints using the method of moments, and second order sensitivities to calcu-
late their gradients. The second uses reduced quadrature to approximate the robust
objective and constraints and AD for their gradients. In the particular test case con-
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sidered, a Monte-Carlo analysis indicated that the reduced quadrature approach was
more accurate for estimation of the mean. In both cases use of numerically exact,
AD gradients significantly reduced the c.p.u. time to perform the optimisations com-
pared to those approximated by finite-differencing.
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