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The Ma tlab program bvp4c solves two{p oint boundary value problems (BVPs) of considerable
generalit y. The numerical method requires partial derivativ es of several kinds. To make solving
BVPs as easy as possible, the default in bvp4c is to approximate these derivativ es with �nite
di�erences. The solver is more robust and e�cien t if analytical derivativ es are supplied. In
this paper we investigate how to use automatic di�eren tiation (AD) to obtain the advantages of
analytical derivativ es without giving up the convenience of �nite di�erences. In bvp4cADwe have
approached this ideal by a careful use of the MAD AD tool and some modi�cation of bvp4c.
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1. INTRODUCTION

The Ma tlab [Matlab 2000]program bvp4c [Kierzenka and Shampine2001]solves
two{p oint boundary value problems (BVPs) of considerablegenerality. In particu-
lar, it provides for unknown parametersand generalnonlinear boundary conditions
that may be non-separated. The collocation method of this program results in a
system of nonlinear algebraic equations that is solved by a variant of Newton's
method. This involvesa good many partial derivativesof several kinds. To make
solving BVPs as easy as possible, bvp4c approximates these partial derivatives
with �nite di�erences. There is an option for providing functions to evaluate par-
tial derivatives analytically and the documentation [Matlab 2000; Kierzenka and
Shampine 2001; Shampine, L., Kierzenka, J. and Reichelt, M. ; Shampine et al.
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2 � L.F. Shampineet al. May 18, 2005

2003] emphasizesthat this can reduce the run time greatly. Also, despite the ex-
ceptionally strong function that bvp4c usesfor approximating partial derivatives
by �nite di�erences, the program is somewhat more robust when given analytical
partial derivatives.

With advancesin automatic (algorithmic) di�eren tiation (AD) in Ma tlab like
MAD [Forth 2001], it is natural to ask if it is possibleto obtain the advantagesof
analytical partial derivatives in bvp4c with AD. Conveniencewas a primary goal
in the design of bvp4c, so it is of the greatest importance that these advantages
be obtained with minimal demandsplaced on the user. Here we report our expe-
rience developing a solver basedon bvp4c that usesthe MAD package for partial
derivatives. This e�ort has beenquite successful,but there is still scope for futher
development.

2. PRELIMINARIES

In this sectionwe state certain aspectsof bvp4c and MAD that must be taken into
account when using AD to improve the solution of BVPs for ordinary di�eren tial
equations.

2.1 bvp4c

The bvp4c function solves BVPs consisting of a system of n �rst order ordinary
di�eren tial equations (ODEs),

y 0 = f (x; y ; p) (1)

and a set of boundary conditions,

0 = g(y(a); y (b); p) (2)

Here p is a vector of unknown parameters that may, or may not, be present.
The collocation method of bvp4c leadsto a system of nonlinear algebraic equa-

tions that is solved by a variant of Newton's method. Becausethe linearization is
itself only an approximation, it is consistent to use�nite di�erence approximations
to the partial derivatives. bvp4c computes theseapproximations with numjac. Its
algorithm [Shampine and Reichelt 1997] is exceptionally strong. For instance, it
monitors the changesinduced in the dependent variables by the increments in the
independent variables and adapts the increments for the next computation. More-
over, if it doesnot believe that a column of partial derivativeshas beencomputed
reliably, it will adjust the increments and try again. Even with such precautions
it is hard to produce accurate approximations reliably. When numerical approxi-
mations are not very accurate, analytical evaluation of the partial derivativesmay
result in faster convergenceof the iteration. It may alsoresult in a larger domain of
convergence.In extreme cases,analytical partial derivativesmay be the di�erence
betweensuccessand failure.

Providing a routine for evaluating partial derivativesanalytically is often inconve-
nient, but it can be considerably faster than having the solver approximate partial
derivatives. In this connection it is important to appreciate that bvp4c is intended
only for BVPs involving a relatively small number of equations. For example, 10
equations would be a moderately large system. Indeed, the numjac function pro-
vides for the e�cien t computation by �nite di�erences of sparsepartial derivative
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matrices, but this capability is not usedin bvp4c. Generally it is possibleto speed
up the computation of �nite di�erences substantially in Ma tlab by vectorizing the
evaluation of f (x; y ), but this is also inconvenient. In the next section we discuss
vectorization more fully.

The convenienceof not asking users for partial derivatives is obvious and con-
sidered to be of primary importance. It is worth stating that usersseemto have
trouble supplying partial derivatives, especially when there are unknown parame-
ters p. Here are the partial derivatives that are neededwhen solving (1,2) with
bvp4c:

| fy , and when there are unknown parameters, fp

| gy (a) and gy (b) , and when there are unknown parameters,gp

bvp4c allows the user to supply functions for evaluating the partial derivativesof
f , or g, or both. It is much more important to provide the partial derivativesof f .

2.1.1 Vectorization. Vectorization plays two roles in bvp4c. One is to speedup
the �nite di�erence approximation of fy . The obvious way to evaluate the function
in (1) is to input x; y k ; p and output a vector f k = f (x; y k ; p). Often it is not much
trouble in Ma tlab to code this sothat you can input several vectorsy k ascolumns
in a matrix Y , compute e�cien tly all the f k , and output the f k as columns in a
matrix F. Depending on the ODEs and how carefully the function is coded, this
can be much faster than computing the f k one at a time. Indeed, it can cost little
more than computing just one. This can be very advantageousbecausea program
like numjac evaluates f about n times for each approximation to fy .

When approximating fy by �nite di�erences, x is held �xed and f is evaluated for
a number of y . A fundamental computation in bvp4c is to evaluate the residual of
the numerical solution at all the meshpoints x i . In this f is evaluated for a set of ar-
guments (x i ; y i ). Generally there are more meshpoints than di�eren tial equations,
often a great many more, so reducing the cost of this computation by vectorization
can be much more important than reducing the cost of approximating Jacobians.
Accordingly, in the BVP solver bvp4c, vectorization of f meansvectorization with
respect to both independent and dependent variables.

The two roles of vectorization in bvp4c are independent, so it is valuable to
vectorizef even whenpartial derivativesare evaluated exactly, whether analytically
or by AD.

3. AUTOMATIC DIFFERENTIATION AND MAD

In the standard referencefor the subject [Griewank 2000],Griewank states that

Algorithmic, or Automatic Di�eren tiation (AD) is concernedwith the
accurate and e�cien t evaluation of derivatives for functions de�ned by
computer programs.

AD is basedon the systematic application of the chain rule of di�eren tiation to the

oating point evaluation of a function and its derivatives. Unlike �nite di�erence
approximation, there are no discretisation or cancellation errors and the resulting
derivative valuesare accurate to within roundo�. By virtue of working in 
oating
point arithmetic, AD is more e�cien t than symbolic di�eren tiation asfound, e.g., in
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the packagesMathematica and Maple. It also permits the useof control structures
such as loops, branches, and subfunctions that are common to modern computer
languagesbut not easily amenableto symbolic di�eren tiation.

There are two fundamental approachesto AD. Forward Mode AD involvesaug-
menting a program for evaluating a function so that a variable's directional deriva-
tiv esare calculated along with its value. Let time (f ) be the time it takes to eval-
uate a function f : IRn ! IRm . A standard result [Griewank 2000] states that
the time it takes to calculate the m � n Jacobian matrix Jf by forward mode AD
is O (n time (f )) . Reverse(Adjoint) Mode AD is a two stage process. First the
original function code is run, perhaps augmented by statements to store data to
enable the code to be run a secondtime in reverse, propagating the sensitivities
of the function's outputs to each calculated variable. Such sensitivities are termed
adjoints. A computational complexity analysis for reverse mode AD states that
time (Jf ) = O (m time (f )) . When m � n, the reversemode is advantageous,but
in the circumstancesof bvp4c, the forward mode is both e�cien t and simpler. With
this in mind we give our attention to the implementation of forward mode AD in
Ma tlab .

AD is implemented in oneof two ways|op erator overloading or sourcetransfor-
mation. Operator Overloading takes advantage of the possibility of de�ning new
typesor classesin languagessuch asFortran 95, C++, and Ma tlab . The new AD
type is de�ned to have a component which holds a variable's value and components
to hold derivative information. Arithmetic and intrinsic functions are extended to
the AD type by operator and function overloading. In typed languagessuch asFor-
tran and C++, all that remains is for the user to rede�ne the typesof all relevant
variables within the function and all subfunctions to that of the AD type, initialize
appropriate valuesand derivatives,invoke the function, and then extract the values
of the derivatives. Examples of such implementations are the Fortran package of
[Pryce and Reid 1998]and the C packageof [Griewank et al. 1996]. Source Trans-
formation requires the development of sophisticated compiler-like software to read
in a computer program, determine which statements require di�eren tiation, and
then write a new version of the original program augmented with statements to
calculate derivatives. Examples of such implementations are the Fortran packages
of [Bischof et al. 1998;FastOpt 2003;Tapenade2003]and the C packageof [Bischof
et al. 1997].

Compared with languagessuch as C and Fortran, there has beenrelatively little
work concerningAD in Ma tlab . Rich and Hill [Rich and Hill 1992]provided a lim-
ited facilit y that enabledAD of simplearithmetic expressionsde�ned by a character
string. Such strings, together with necessaryvaluesof variables were passedto an
external routine written in Turbo-C for di�eren tiation. The most signi�can t work to
date is that of Verma and Coleman[Verma 1998;Colemanand Verma 1998b;1998a]
who, in a monumental coding e�ort, producedan operator-overloadingAD package
named ADMA T that provides facilities for forward and reversemode AD for both
�rst and secondderivativesand runtime Jacobiansparsity detection. Theseauthors
also interfaced ADMA T with ADMIT [Coleman and Verma 2000], a package for
e�cien t sparseJacobian calculation via various coloring algorithms. A recent de-
velopment is the ADIMA T hybrid source-transformation/operator overloading AD
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tool [Vehreschild 2001]. Comparisons[Bischof et al. 2003] have shown its forward
mode to be more e�cien t than that of ADMA T. Although ADMA T's operation
count appears to be in agreement with AD theory [Coleman et al. 2000], its run
time doesnot [Bischof et al. 2003]. With the goal of improving the performanceof
AD in Ma tlab , we developed the MAD package[Forth 2001].

3.1 The MAD AD Tool

Version1 of MAD providesan operator-overloadedimplementation of forward-mode
AD using the object-oriented programming featuresof Ma tlab . Our primary aim
wasto securethe advantagesof numerically exact evaluation of derivativesin a time
comparable to forming �nite di�erence approximations. We designedthe software
so that its performancecan be pro�led and optimized. Further, we designedit so
that userscould extend the functionalit y of the package.

The vast majorit y of the functions for MAD version 1 is associated with two
Ma tlab classes| fmadand derivvec . At present the fmad classconsistsof over 60
functions. It includes a classconstructor and overloadedversionsof most of Ma t-
lab 's arithmetic operations and many of its intrinsic functions. Within variables
of the fmad class,the value of the variable is stored asa Ma tlab array component.
Multiple directional derivativesare stored in a component of derivvec class. The
functions of the derivvec classenablelinear combinations of directional derivatives
to be performed in an e�cien t manner.

3.1.1 Evaluating Jacobianswith MAD. The useof MAD is straightforward. One
of the example problems of [Shampine et al. 2003] requires evaluating the partial
derivative with respect to y of a function like

function f = odes(x,y)
n = -0.1; s = 0.2; c = -(3 - n)/2;
f = [ y(2); y(3); 1+s*y(2); y(5); s*(y(4) - 1) ];

for arguments

x = 0;
y = [0; 0; -0.96631; 0; 0.65291];

Using the fmad constructor, we �rst initialize y ad, an fmad equivalent of y, with
the value given by y and the 5 � 5 identit y matrix:

y_ad = fmad(y,eye(5));

Each column of the identit y matrix de�nes a separatedirectional derivative for the 5
elements of y. With this de�nition the �rst directional derivative of y is (1 0000)T

and the �rst directional derivative of any output correspondsto the derivative with
respect to y(1) . Similarly, the seconddirectional derivative of y is (0 1000)T and
the seconddirectional derivative of any output corresponds to the derivative with
respect to y(2) . The set of all 5 directional derivativesof any output corresponds
to its Jacobian with respect to y. It now remains to evaluate the function with the
arguments x and y ad by

f = feval(@odes,x,y_ ad);
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a) Original Code

function res = bcs(ya,yb,P)
global d
res = zeros(6,1);
res(1:4) = ya - series(d,P);
res(5:6) = [ yb(3); ...

(yb(4)-(-yb(1)*yb(2))) ];

b) Mo di�ed Code

function res = bcs(ya,yb,P)
global d
res = zeros(size(ya));
res(1:4) = ya - series(d,P);
res(5:6) = [ yb(3); ...

(yb(4)-(-yb(1)*yb(2))) ];

Fig. 1. Assigning an fmad object to a component of a class double object

This evaluation uses overloaded versions of Ma tlab arithmetic operations and
functions to propagate values of all variables and their 5 directional derivatives
through the calculation of f . The optimized getinternalderiv s function of the
fmad classis then usedto extract the 5 � 5 Jacobian of f with respect to y.

>> dfdy = getinternalderiv s( f)

dfdy =

0 1.0000 0 0 0
0 0 1.0000 0 0
0 0.2000 0 0 0
0 0 0 0 1.0000
0 0 0 0.2000 0

3.1.2 Overloaded AD in Ma tlab versus Typed Languages.Overloaded AD is
much more convenient in Ma tlab than in typed languagessuch as Fortran and
C. Ma tlab is an object-oriented languagewhich manipulates objects of various
classes.Thoseunfamiliar with the object-oriented approach should considera class
as equivalent to the familiar type of a data item and an object an instance of the
classor, in other words, a variable. In Ma tlab an object's classis determined by
the classof the data �rst assignedto it. No declarations are required; indeed, they
are not possible. Consequently , an advantage of implementing AD by overloading
in Ma tlab is that there are no declarations to change as there would be in C or
Fortran. Becauseof this, programmers rarely need to make any changesto their
existing Ma tlab code before applying MAD to calculate Jacobians. This makes
possiblethe automated useof AD in software requiring derivativessuch as bvp4c.

3.1.3 Limitations of MAD. There are two important limitations when using
MAD. BecauseMa tlab hasa rich set of intrinsic functions, there are still functions
that have not been developed as overloaded fmad routines. We have pursued a
policy of adding functionalit y as test caseshave beensupplied so that we can test
properly the new routines.

The secondlimitation hasto do with changing the classof an object. Suppose,for
example,that an object is of classdouble . If we assignan fmad object to oneof its
components, we needto changethe classof the object itself to fmad. Unfortunately ,
it is not possible to do this automatically in Ma tlab . A particularly relevant
example is preallocation of arrays using the zeros intrinsic function. An example
from [Shampine et al. 2003] is consideredin Figure 1(a). The function begins by
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initializing res as a 6 � 1 vector of classdouble . If the parameter ya is of class
fmad, the next commandattempts to assigna variable of classfmad to a portion of
a vector in classdouble . On encountering this, Ma tlab usesthe double function
associated with the fmad classto convert (or cast) the result of the right hand side
of the statement to classdouble prior to the assignment to the left hand side. As
a consequence,derivative information is not propagated through the assignment
and the fmad double function issuesa warning. This limitation is unfortunate
becauseit means that using MAD is not entirely automatic. Nevertheless, it is
usually easyenoughto recode a function to circumvent the di�cult y. For example,
in Figure 1(b) we usethe fmadoverloadedsize function to return an object of fmad
class with an appropriately sized zero matrix for its derivatives. This allows the
number of derivatives to be passedto the fmad overloaded zeros function which
also returns an appropriately sizedzero matrix as its derivative component.

3.2 Finite di�erencesversusAD

We usethe example of x3.1.1 to contrast the approximation of Jacobiansby �nite
di�erences and AD. It took 1.78s to calculate 1000 Jacobians using MAD with
Ma tlab 6.5. Correspondingly, it took 0.69sto approximate 1000 Jacobianswith
�nite-di�erencing via numjac

f = odes(t,y);
[dfdy,fac] = numjac(@odes,t,y, f, thr eshold, fa c);

Generally the cost of approximating a Jacobian with MAD is comparable to �nite
di�erences. This example shows as big a di�erence as any we encountered in our
experiments. That is enough to make it interesting, but there are other points of
interest.

The numjac routine requiresa vector threshold which indicates the scaleof the
problem. In this computation we usedthe samevaluesthat bvp4c uses,namely,

threshval = 1e-6;
threshold = threshval(ones( n,1 )) ;

Two things are unusual about numjac. The vector fac is usedto adapt the incre-
ments of the �nite di�erence approximations to the columns of the Jacobian from
one call to the next. Also, if a column should be computed as the zero vector,
numjac will adjust the increment for that column and try again. The �rst column
of this Jacobian is actually zero, so numjac does more work than most �nite dif-
ferenceroutines as it tries to decide whether the zero column is the result of an
increment that is o� scale. Two of the entries computed by numjac are not very
accurate. For instance, the (3; 2) entry should be 0:2, but it is approximated as
0:2012. The other non-zero entry in this column is the (1; 2) entry . This entry is
1 and it is computed exactly. Becausethe increment is chosen to give an accu-
rate value for the largest entry and the sameincrement is usedfor all components
in a column, it is not surprising that a smaller component is not very accurate.
A little experiment exposesthe di�culties of approximating Jacobianswith �nite
di�erences: If we reduce threshold by a factor of 0:01, the function computesan
approximation of 0 for the (3,2) entry! An increment that is out of scalecan result
in a very bad approximation like this one. For this example, and the BVP that
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givesrise to it, the choice made for threshold in bvp4c works well enough,but it
is always possiblethat the choice results in a poor approximation. In contrast, use
of MAD circumvents any such problems becauseit producesa Jacobian without
the truncation errors associated with �nite di�erences and is accurate to 
oating
point roundo�.

It is very important to understand that BVP solvers needonly approximate Ja-
cobians becausethey are used in a linearization that is itself an approximation.
Generally the larger entries of a Jacobian are the ones most important in a lin-
earization. Fortunately, it is easierto approximate the larger entries of a Jacobian
by �nite di�erences becausethey correspond to components of the function that
changeby a relatively large amount when the increment is changed. Codesfor solv-
ing BVPs and sti� IVPs depend on these facts. However, sometimesthe smaller
entries in an approximate Jacobianare important. Moreover, the domain of conver-
genceof the linearization is a�ected adverselyby a poor approximate Jacobian. As
a consequence,the \exact" Jacobiansprovided by AD are by no meansnecessary,
but they may lead to faster convergenceand with a larger domain of convergence.
Indeed, they may be critical to getting convergencewhen solving di�cult problems.

Having intro duced MAD, and in particular the fmad class,we now considerap-
plying MAD to the Ma tlab BVP solver bvp4c.

4. AD IN BVP4C

We have developed a solver, bvp4cAD, basedon bvp4c that usesAD by default. It
proved possibleto do this in a nearly seamlessway. In this sectionwe explain some
of the issues.

One issueis what to do about analytical partial derivativessupplied by the user.
We decided that if the user supplies either of the functions for evaluating partial
derivativesanalytically, bvp4cADshould use it. This is done partly to respect the
instructions of the user and partly becausesuch functions should be faster than
evaluating partial derivativeswith MAD.

It is characteristic of an operator overloading implementation of AD that in the
courseof computing a partial derivative of a function, the function itself is evalu-
ated. We modi�ed bvp4c to exploit this characteristic, but it is not asadvantageous
as it might at �rst seem.That is becauseevaluation of the function at meshpoints
is often not accompaniedby evaluation of partial derivatives: When a new meshis
formed, it is necessaryboth to evaluate f at all the meshpoints and the boundary
conditions function g. We reorganizedsomeof the computations in bvp4c so as to
defer evaluation of the functions until they are obtained asa byproduct of the eval-
uation of the partial derivatives. The global system is then linearized using these
partial derivatives and the matrix is factored. In a simpli�ed Newton iteration,
this matrix is useduntil convergenceis achieved or a new linearization is made to
improve the rate of convergence.The test on convergenceof this iteration involves
evaluation of the functions at each iterate. However, we bene�t from the evaluation
of functions whilst evaluating partial derivativesonly when a new mesh is formed.
This happenswhen the iteration fails to convergeor converges,but the accuracy is
unacceptable.

All the popular BVP solversusea simpli�ed Newton iteration in the manner just
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described for bvp4c, even when they are provided analytical partial derivatives.
That is becauselinear algebra is a considerablefraction of the total cost of solving
a BVP. To reduce the number of times that the linearized system is formed and
factored, a matrix decomposition is used as long as convergenceis adequate. The
price is slower (linear) convergenceand a reduced domain of convergence. With
the availabilit y of exact partial derivativesby meansof AD and the relatively fast
linear algebra of Ma tlab , this might not be the best way to proceedin bvp4cAD,
but we have not yet investigated this matter.

To keepdown the cost of approximating partial derivativesby �nite di�erences,
bvp4c obtains some by averaging. The scheme [Kierzenka and Shampine 2001]
for deciding which Jacobians to approximate by averaging seemsto work well,
but averaging is not done when analytical partial derivatives are available and
correspondingly, the algorithm is somewhat stronger then. Naturally , in bvp4cAD
we usethe stronger algorithm for both analytical and AD partial derivatives.

The generality of the functions accepted by bvp4c presents some di�culties.
One is the presenceof known parameters. Like many Ma tlab functions, bvp4c
allows users to passknown parameters as optional input arguments to the solver
that are then passedto all the functions that it calls. Using varargin , bvp4c
receives these arguments and loads them into a cell array ExtraArgs that is used
for communication within the solver. In bvp4cADwe augment ExtraArgs with
information that must be passedto the subfunctions that are di�eren tiated with
MAD. For example,we must passthe handle for the user's function for evaluating
f to the subfunction that we actually use to evaluate the partial derivatives of f
with MAD. Another di�cult y is the presenceof unknown parameters p that are
an optional vector argument of bvp4c. When present it is necessaryto compute
partial derivatives of both f and g with respect to these parameters. There is a
little complication simply becausethere are two cases. In the following we detail
the more involved caseof unknown parameters.

4.1 Calculatingpartial derivatives@f =@y, @f =@p

To form the Jacobianof the residual associated with the collocation method, bvp4c
requiresthe Jacobian@f (x i ; y i ; p)=@y i associated with the approximation y i to the
solution at the meshpoint x i . Also, if there are unknown parametersp, the partial
derivative @f (x i ; y i ; p)=@p is required. In bvp4c the user can supply analytical
expressionsfor these partial derivatives by coding up a function [dfdy,dfdp] =
fjac(x,y,p) and passing its handle to bvp4c using the bvpset utilit y. Though
not shown here, the call list for fjac may include known parameters that are
passedto the function as optional input to bvp4c. The MAD equivalent of fjac is

function [dfdy,f,dfdp] = AD_fjac(x,y,n,n par ,o de, Extr aArgs)

Notice that the function value f is returned along with the partial derivatives. The
cell array ExtraArgs holds p and any known parameters that are to be passedto
ode. Unlike fjac , which must be coded afreshfor each set of di�eren tial equations,
ADfjac is part of the bvp4cADpackageand usesMAD to calculate automatically
the required partial derivatives. We now discussmore fully how this is done.

Sincethe activevariablesare the n entries of y = y i and the npar entries of p, the
initialization of y ad and p ad, the MAD equivalents of y and p, is accomplished
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by

y_ad = fmad(y,eye(n,n+n par )) ;
p_ad = fmad(ExtraArgs{1 },[ zeros (n par ,n ), eye(n par )] );

E�ectiv ely this usesthe �rst n rows of an (n + npar) � (n + npar) identit y matrix
for the derivativesof y and the last npar rows for the derivativesof p. By virtue
of operator overloading, a call to ode producesnot only the value of the function,
but also the valuesof its derivatives. They are returned as an object, so we must
�rst extract the valuesof the function and the derivativesand then the portions of
the derivativesthat correspond to @f =@y and @f =@p:

f_all = feval(ode,x,y_ad, p_ad, Extra Args{2: end}) ;
f = getvalue(f_all);
f_derivs = getinternalderiv s(f _all) ;
dfdy = f_derivs(:,1:n) ;
dfdp = f_derivs(:,n+1: n+npar);

4.2 Taking Advantageof Vectorization

Supposethat there are N meshpoints x i . Corresponding to ADfjac is a function
that dealswith all N vectors y i assembled as an n � N matrix Y:

function [dFdy,F,dFdp] = AD_Fjacvec(x,Y, n,n par,o de,o devec,Ex tr aArgs)

This allowsus to vectorizethe initialization of all MAD variablesand the extraction
later of all derivatives. We can also take advantage of vectorizedf . Whether or not
f is vectorized, this is more e�cien t than a loop that calls the ADf jac function of
x4.1 for each (x i ; y i ).

The Y ad corresponding to the matrix Y needsto be initialized with N copiesof
the derivative matrix usedin the non-vectorizedcase.This could easilybe achieved
using Ma tlab 's repmat function,

Y_ad = fmad(Y,repmat(e ye( n, n+npar), [N,1 ]))

but it is more e�cien t to use

A = eye(n,n+npar);
n_ind = (1:n)';
Y_ad = fmad(Y,A(n_ind( :,o nes(1 ,N)), 1: n+npar) );

with the parameter vector p ad as before,

p_ad = fmad(ExtraArgs{1 },[ zeros (n par ,n ), eye(n par )] );

If the ode function is vectorized, odevec = true , all the necessaryJacobianscan
be computed in one call of the ode function with the Y ad and p ad as arguments.
If not, they are computed in a loop with a preallocated F all fmad variable as
required for e�cien t Ma tlab execution.

if odevec
F_all = feval(ode,x,Y_ad, p_ad, Ext ra Args{ 2: end}) ;

else
F_all = fmad(zeros(n,N),z eros( n,N,n +npar )) ;
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for i = 1:N
F_all(:,i)=feval (ode, x(: ,i ),Y _ad( :,i ), p_ad, Extra Args{ 2: end}) ;

end
end

In x2.1.1 we discussedthe two roles of vectorization in bvp4c. We seehere a third
role in bvp4cAD. It is interesting that vectorization of the ode function is key to
the e�cien t approximation of Jacobiansby �nite di�erences, but we are also able
to use it to improve the e�ciency of computing Jacobiansby AD.

Derivativesextraction can also be performed using vector operations:

F = getvalue(F_all);
F_derivs = permute(getderivs (F_al l), [1 3 2]);
dFdy = F_derivs(:,1:n,: );
dFdp = F_derivs(:,n+1:n +npar ,:) ;

A slight complication is that becauseof the way derivativesare stored within the
fmad class,we must permute the derivative arrays to get the right shape.

4.3 FunctionsNot Supported

A very important issueis that bvp4cADhandle gracefully the possibility that MAD
cannot evaluate a partial derivative. A small problem that we constructed to illus-
trate this is

y00= f (y); y(0) = 1; y(1) = 2

for f (y) = cosh(y). At present MAD cannot compute the partial derivative f y of
this special function, but it can if the function is written in the equivalent form
f (y) = (ey + e� y )=2. We begin the computation in bvp4cADwith an attempt to
evaluate each of the two kinds of partial derivatives. We usean exception handling
construct to trap errors. If there is an error, the solver recognizesthat it must use
�nite di�erences to approximate the partial derivative. For this example,the solver
�nds that it must use�nite di�erences to approximate partial derivativesof f , but
it can useMAD to compute the partial derivativesof this secondform of f . Solving
the problem in this way resulted in the output

The solution was obtained on a mesh of 6 points.
The maximumresidual is 5.690e-004.
There were 107 calls to the ODEfunction.
There were 7 calls to the BC function.

For the secondform of f (y), bvp4cADis able to useMAD for all the partial deriva-
tiv es. The output is then

The solution was obtained on a mesh of 6 points.
The maximumresidual is 5.690e-004.
There were 71 calls to the ODEfunction.
There were 5 calls to the BC function.

The number of calls to the ODE function is reduced in the secondcomputation
mainly becausethe Jacobiansare evaluated by AD rather than approximated by
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�nite di�erences. AD wasusedto approximate the partial derivativesof the bound-
ary conditions in both computations, so a reduction in the number of calls to the
BC function meansthat fewer iterations were done when more accurate Jacobians
were used. This is an interesting observation, but the point of this example is to
show that bvp4cADwill recognizeand respond properly to a partial derivative that
MAD is not able to form.

5. ILLUSTRATIVE COMPUTATIONS

5.1 Fluid Injection Problem

Example 1.4 of [Ascher et al. 1995] illustrates a number of the issuesthat we have
discussed. To solve this problem with bvp4c we must �rst write its di�eren tial
equations,

f 000� R[(f 0)2 � f f 00] + RA = 0

h00+ Rf h0+ 1 = 0

� 00+ Pef � 0 = 0

as a system of seven �rst order equations. In the range of sizeswe think typical
in applications of bvp4c, this is a moderately large number of equations. There
are three physical parametersin theseequations. The Reynoldsnumber R and the
Peclet number Pe = 0:7R are known. The parameter A is unknown. Many BVP
solvers have no provision for unknown parameters, but bvp4c does, so no further
preparation of the problem is necessary. As we have explained, both known and
unknown parameters present certain di�culties for the addition of AD to bvp4c.
Becauseof the unknown parameter, there are eight boundary conditions,

f (0) = f 0(0) = 0; f (1) = 1; f 0(1) = 1

h(0) = h(1) = 0; � (0) = 0; � (1) = 1

which happen to be linear and separated.
In a �rst setof numerical experiments weinitialized all components of the solution

and the unknown parameter to have constant value 1. We also believed that an
initial meshof 10 equally spacedpoints would reveal the behavior of the solution.
This initial solution and meshwas formed into a structure for passingto the solver
by

solinit = bvpinit(linspace( 0,1 ,1 0), ones(7, 1) ,1)

Using this structure we solved the BVP with both bvp4c and bvp4cAD in Ma tlab
6.1 with default tolerances and a range of R. We found that bvp4c failed for
Reynolds numbers greater than 200, but bvp4cADwas able to get convergencefor
Reynolds numbers up to 350. As with any scheme for computing the solution
of a set of nonlinear algebraic equations, the details of how a particular initial
solution interacts with the computation can determine whether or not convergence
takes place. That said, we seehere a worthwhile improvement in the domain of
convergencewhen exact partial derivativesare available through AD.

This BVP is hard to solve for large Reynolds numbers, so it is suggestedin
the texts [Ascher et al. 1995] and [Shampine et al. 2003] that it be solved by
continuation. This means that the solution and the corresponding mesh for one
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Fig. 2. Fluid Injection Problem - unvectorized

value of R are used as initial values for a bigger value of R. This is repeated
until reaching the desiredvalue of the Reynolds number. Continuation provides a
way of solving hard BVPs and when continuing in a physical parameter like the
Reynolds number, the intermediate solutions are also of interest. Continuation is
so important in the practical solution of BVPs that bvp4c wasdesignedto make it
easy.

In a secondset of experiments we started with a solution and meshfor R = 100
and doubled the Reynoldsnumber at each stageof continuation. Figure 2 contrasts
the default �nite di�erence approximation of partial derivatives in bvp4c and the
exact evaluation of partial derivativesby AD of bvp4cAD. Although the performance
with AD is quite acceptable, it is not advantageousas regards run time for this
problem.

In the text [Shampineet al. 2003]it is pointed out that analytical partial deriva-
tiv es and vectorization are very advantageous for this problem. Our experience
with this example is that usershave had trouble working out the analytical partial
derivatives. If the shapes of the matrices are wrong, the computation fails imme-
diately and if the partial derivatives are wrong, the code may fail to converge or
convergeslowly. Vectorization is not always easy, but in our experienceusershave
had lessdi�cult y with this. In a third set of experiments we solved the BVP as in
the previous set, but now with f vectorized. Figure 3 shows that supplying analyti-
cal partial derivativesreducesthe run time signi�can tly . The run times for bvp4cAD
are signi�can tly lower than those for bvp4c with default �nite di�erencing and are
close to those of bvp4c when it is provided functions for the partial derivatives.
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Fig. 3. Fluid Injection Problem|v ectorized

The di�erence between bvp4cADand bvp4c with analytical derivatives is seento
decreasewith increasingReynoldsnumber. As the Reynoldsnumber increases,the
boundary layer becomesthinner. The BVP solver is of �xed order, so it dealswith
this by intro ducing more mesh points. Becausethe computations are vectorized,
the overheadof using AD becomesrelatively lessimportant as the Reynolds num-
ber is increased. Indeed, as the mesh is re�ned, the e�ciency of AD approaches
that obtained with user-suppliedpartial derivatives.

5.2 A Collectionof Problems

The text [Shampine et al. 2003] provides a tutorial on the use of bvp4c. Eight
examplesshow what kinds of problems can be solved and how to prepare problems
so as to deal with various kinds of di�culties. In aggregatethey provide a test of
bvp4cADfor all common situations and some that are not so common. To solve
theseproblems, all we had to do was changethe name of the function from bvp4c
to bvp4cAD. The computations were successfuland the results of the two codes
were consistent, so the use of AD was transparent in all cases. In Table I we
compare the run times of the two solvers on a Pentium IV 2.40GHz. We note
that problems 5 and 6 have functions that are vectorized and problems 2,3,4, and
6 involve known parameters. Problem 7 stands out becauseAD is exceptionally
ine�cien t. Investigation of this BVP led to the simpli�ed problem that we usedin
x3.2 to contrast �nite di�erences and AD.

For nearly all problems the run times increasedfrom Ma tlab version 6.1 to 6.5
for both bvp4c and bvp4cAD, although by not asmuch for bvp4cAD, thus improving
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Table I. CPU times for Examples of [Shampine et al. 2003].
Ma tlab 6.1 Ma tlab 6.5

Problem bvp4c bvp4cAD Ratio bvp4c bvp4cAD Ratio
1 0.12 0.13 1.05 0.25 0.16 0.63
2 0.22 0.09 0.39 0.28 0.11 0.38
3 0.54 1.33 2.48 0.63 1.66 2.64
4 1.28 2.18 1.70 1.78 3.04 1.71
5 0.67 0.58 0.86 0.78 0.61 0.78
6 1.65 0.91 0.55 1.94 1.08 0.56
7 1.35 7.21 5.32 1.11 9.01 8.13
8 0.16 0.36 2.26 0.22 0.48 2.15

the ratio of times for someproblems. The main di�erence betweenversions6.1 and
6.5 is the intro duction of the JIT Accelerator [MathWorks 2002]. However, due to
useof vectorization within bvp4c this doesnot seemto improve run times for the
calculations we perform. We have alsorun the test caseson a Laptop Intel Pentium
M processor,a Pentium IV running Linux and an Ultra 10 Solaris machine. On all
theseplatforms the results weresimilar to thoseof Table I, although the di�erences
in absolute run time betweenthe two versionsof Ma tlab were not as large.

6. CONCLUSIONS

Our goal was to obtain the advantages of analytical partial derivatives in bvp4c,
namely improved robustnessand e�ciency , without giving up any of the capabil-
ities and convenienceof the solver. Though not entirely straightforward, we have
achieved this using the MAD tool. The tool has minor limitations discussedin
x3.1.3, but when it cannot provide the requestedpartial derivatives,bvp4cADrec-
ognizesthis and automatically turns to the �nite di�erence approximation of partial
derivativesthat are the default in bvp4c. The partial derivativesare generallyeval-
uated quite e�cien tly by MAD, but usersdo have the option of supplying functions
for the analytical evaluation of partial derivativesshould this be desirable. Vector-
ization plays several roles in bvp4c, one of which is to speedup the approximation
of partial derivativesby �nite di�erences. This role falls away in bvp4cAD, but the
other, and more important, role of speedingup the computation of residualsis still
played in bvp4cAD. Interestingly, we discovered that we could usevectorization to
speedup the evaluation of partial derivativesby AD in bvp4cAD.
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