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Fixed Point Iteration
For u € R”, find x, € R™ with x, = F(x,, u) by

Xk+1::FKXk,U) k::0,1,2V..

with
Xk — X (k — o0)

y := x_0
FOR k=1,2, ...

X 1=y _

X = O X

y 1= F(x,u) * ¢( o,U)
END FOR
X_* =Y I




Fixed Point Iteration

Black-box Differentiation

Differentiating x. = ¢(xp, u) is not efficient:

no control of accuracy of derivative

Reverse mode: all intermediates have to be taped!

Mem(¢p) = (#iterations) x Mem(F)

Redundant information on tape
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Forward mode

e Two-Phase:
o first iterate direct problem

X1 = F(xc,u) for k=0,1,....N
¢ then iterate derivatives
dF (Xn41,U) dF (Xny1,U) ;

Xkt = dx Xk + du u

~ Flwo)

Xk for k=0,1,....N
u
e Piggyback: iterate problem and derivatives in parallel

Xer1 = F(xc,u)

: X for k=0,1,...,max{N,N
X1 = F'(Xk,U)< J) NN}

Wienne
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Reverse mode

e Reverse accumulation, B. Christianson (1994)

X

ax,
au

ax,
au

_radx
T *
X au

F(X., u)
dF (x.,u) dx.  dF(x.,u)
ax du du

,_ OF(x.,u) 1 dF (x,, u)
ax du

o7 () 9F (. u) 1 dF(x,, u)

ax du

ET
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Reverse mode

1
o Compute ¢ = x7 (/ — w> by iteration

dF(x., u) _ dF (X, u)  _
T, arix,u)yy -7 T_ .TAF X U) T
£ <l X ) X' < &, N X + X

e Thus

TdF(X*, u)

& =6l +xT for k=0,1,...N

with & — &, (kK — o).
e Finally
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Reverse mode

e Implementation
o first iterate direct problem
Xk+1 = F(x,u) for k=0,1,....N
o then iterate derivatives

(&1, T 1) = & F'(Xnsr, u)+(X7,07) for k=0,1,....N

e Piggyback also possible for reverse mode (A. Griewank
2000)
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TAUij code

Code provided by DLR (N. Kroll, N. Gauger)

2D Euler Equation

Finite Volume discretization with multi-grid acceleration
Runge-Kutta scheme for pseudo time integration




TAUij Code

Code structure

e Three phases:

1. grid generation and initialization
2. time step integration as fixed point iteration
3. evaluation of objective function

e approx. 5.000 lines of C/C++ code

e model requires at least 2000 iterations to reach
quasi-steady state



TAUij Code

Adjoint model

One time step involves:

e 795.189 active variables
¢ 30.616.334 operations

Tape size 611 MB memory per step
Writing on hard disk could not be avoided

Taping 2000 steps is out of scope!



TAUij Code

Run time

¢ AMD64 3500, 1 GB main memory
¢ Reverse accumulation:
e 500 steps forward iteration: 31s
e Taping one time step: 10s

e 500 steps backward iteration: 13min 58s

e using checkpointing techniques for 500 iterations requires
2h 57min 2s




Fixed Point Iteration TAUij Code Encapsulation with ADOL-C

Convergence history

e linear convergence of iterations
e same rate of convergence for both iterations
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Embedded lteration

e (Xo0,U) = p1(p) Initialisation
X = ¢o(Xo, U) lteration
J = ¢3(Xs, U) Evaluation

(Xe, U) = p3(Xs, U, J)
U+ = ¢a2(Xo, U, Xs)
p = 51 (pv U)
« Differentiation has to be split

e Three tapes required, so far managed by user .
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Nested derivative computation

ADOL-C Tape

TAUij Code

Encapsulation with ADOL-C

o

:

initialization

iteration

evaluation
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TAUij Code Encapsulation with ADOL-C

Nested derivative computation

ADOL-C Tape

initialization

iteration evaluation

Nested Taping

ADOL-C Function: fp_iteration()
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Nested derivative computation

ADOL-C Tape
" 4 §§ -t
initialization iteration evaluation
< - <+ ------ reverse evaluation
[=F
-~
v \
!
' 3 ' repeated subtape evaluation
Sl Wl
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Usage

trace_on{();
for (i=0; i<n; i++) uli] <<= uplil;

fp_iteration(...);

J >>= Jp;
trace_off();
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Usage

trace_on{();
for (i=0; i<n; i++) uli] <<= uplil;

fp_iteration(...);

J >>= Jp;
trace_off();

do
k=k+1
X=Yy
y:F(X,U)

while |y — x| >¢ and k < Npax
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int fp_iteration

(

TAUij Code

Encapsulation with ADOL-C

Interface

int sub_tape_num,
int (xdouble_F) (...),
int (xadouble_F) (...),
double (»norm) (...),
double (*norm_deriv) (...),
double epsillon,

double epsillon_deriv,
int N_max,

int N_max_deriv,
adouble *x_0,

adouble =xu,

adouble *x_fix,

int dim_x,

int dim u )
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int fp_iteration

(

TAUij Code Encapsulation with ADOL-C
Interface

int sub_tape_num,

int (xdouble_F) (...),

int (xadouble_F) (...),
double (»norm) (...),

double (*norm_deriv) (...),
double epsillon,

double epsillon_deriv,

int N_max,

int N_max_deriv,

adouble *xx_0,

adouble =xu,

adouble *x_fix,

int dim_x,

int dim u ) W™ R
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External Differentiated Functions

edf ... identifier
£ ... function computing y = f(x
f_ad .. function computing x™ = y T (x) or y = f/(x)x

edf = ext_diff_fct ( £, f_ad, ...);
trace_on();

call_ext_fct ( edf, ... );

trace_off();
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ldea (Reverse mode)

fp_iteration(...)




Fixed Point Iteration TAUij Code Encapsulation with ADOL-C

|ldea (Reverse mode)

fp_iteration(...)

iteration(...)

iter fos_rev(...)
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|ldea (Reverse mode)

fp_iteration(...)

iteration(...) X, = ¢(Xo, U)

Il
-1

iter_fos_rev(...) u (Xo, u, )_(*)
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|ldea (Reverse mode)

fp_iteration(...)

External Differentiated Function

*********************

iteration(...)

iter fos_rev(...)

,,,,,,,,,,,,,,,,,,,,,
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Consequences

e concept can be adapted to forward and vector modes

e ADOL-C:

e Forward and reverse mode with external differentiated
functions

¢ Nested tape evaluation for derivatives in fixed point iteration

e User:

e state x and control u as arrays

e function F with x, = F(x., u) for double and adouble
argument arrays
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