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◮ Those that seem like there should be a way to ...
◮ Annealed gradient systems (e.g. stochastic Boltzmann Machine)
◮ EM & Generalised EM models
◮ Thekernel trick (Support Vector Machines, Kernel PCA)
◮ Data structures (auto-adaptive grids, polygonal surface

approximations)
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Naive approach, current systems:
∑

i αi
d
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Problem: d
dx g(x, u) not necessarily wiggliest at theui.

Better (more accurate) result:Iu{
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−⇀
Jx{g(x, u)}(x́)}

Reverse:̀x = Iu{
↼−
Jx{g(x, u)}(ỳ)}
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ý = F́u{
−⇀
Jy{g(x, y)}(ú) +
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AD Transforms ofF

Primal:
y = Fu{g(x, u)}

Forward:

ý = F́u{
−⇀
Jy{g(x, y)}(ú) +

−⇀
Jx{g(x, y)}(x́)}

Reverse:

x̀ =
↼−
Jx{g(x, y)}

(

Fù{
↼−
Jy{g(x, y)}(ù) + ỳ}

)



High-level AD of Optimisation

Fun derivation: commutative diagram, lift rule forF .

argmin
u

g(x, u)
−⇀
J

−−−→ argmin
ú

g̃(· · · )

gradient
descent





y

corresponding
minimisation

x





Fu{u − η∇ug(x, u)}
−⇀
J

−−−→ F́u{ú − η∇úg̃(· · · )}



High-level AD of Optimisation: Formal Transforms

Primal:
y = argmin

u
{g(x, u)}

Forward:

ý = argmin
ú

{ 1
2

−⇀
Jy{

−⇀
Jy{g(x, y)}(ú)}(ú)

+
−⇀
Jy{

−⇀
Jx{g(x, y)}(x́)}(ú) }

Reverse:

x̀ = −
↼−
Jx{

↼−
Jy{g(x, y)}(1)}(

argmin
ù

{1
2

(↼−
Jy{

↼−
Jy{g(x, y)}(1)}(ù)

)⊤
ù − ỳ⊤ù})
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User’s job: call optimisation routine where appropriate.

Implementer’s job: write good optimisation routine.

Modularity: either can make decisions (change mind) in isolation.

Problem:in current systems, thecaller must pass desired derivatives
to optimisation routine.

Solution:thecallee should be able to get whatever derivatives are
needed (do some ADing) without the caller’s cooperation.

Also creates additional opportunities for optimisation.



Nested Application of AD Operators

Users should be able to write code compositionally without bumping
against implementation restrictions.

If

argmin: (Rn → R) → R
n

is defined, then users should be able to confidently define

argmax(f : R
n → R) = argmin(λx − f (x))

max(f ) = f (argmax(f ))

saddlepoint(f : R
n × R

m → R)

= max(λx f (x, (argmin(λy f (x, y)))))
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Kernelisation

Algorithm uses input data (inRn) inside dot products:

do{ choosei ; updateαi +=−η(
∑

j αj xj · xi − yi) }
until convergence ofα1, . . ., αp

and can therefore be kernelised.

Map eachxi 7→ φ(xi) whereφ : R
n → R

10100
andn ≪ 10100 but

K(x, y) = φ(x) · φ(y) is fast to calculate anyway.

do{ choosei ; updateαi +=−η(
∑

j αj K(xj, xi) − yi) }
until convergence ofα1, . . ., αp

Can pre-computeKij = K(xi, xj) and throw away thexi (exceptxi for
whichαi 6= 0 after convergence, assuming you plan to use it on
off-sample inputs later.)
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Kernel AD Fails

AD takes the gradient in the wrong space, inR
n (input space) instead

of R
10100

(feature space).

AD therefore changes allαs on each step, instead of onlyαi.

And it doesn’t even change them the right amount.
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Conclusions

◮ AD has issues which impede its practical application.

◮ Treating library functions as primitives may help.

◮ Higher-order functions (operators) yield nice equations.

◮ APIs are important; allowing and exporting good APIs might
help AD attract a non-specialist user community.

◮ The kernel trick is really cool, but ...
no one has a clue how to kernelise AD.

◮ Secret weapon:programming language theory.



Things Jeff knows how to do automatically

◮ High-level transformation of high-level routines: fixedpoint
iterators, optimisers, integrators, ODE solvers, PDE solvers, ...

◮ AD & just-in-time compilation & specialisation

◮ Nested application of AD operators

◮ “A matter of runningmake.”

◮ Modularity: callee derives (separation of concerns)

◮ No need for constant manual validation (trust like GCC)



thank you
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Repeat
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if (w · xi + b)yi ≤ 0

updatew += ηyixi andb += ηyi

until convergence ofw andb
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Transform algorithm to use this dual representation:

Repeat
choosei
if (

∑

j αj xj · xi + b)yi ≤ 0
updateαi += ηyi andb += ηyi

until convergence ofα1, . . ., αp andb.

sparsity: if never getxi wrong, thenαi = 0
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